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Abstract

In cost-effectiveness analysis, one or more medical treatment(s) were compared
with a standard treatment on the two-fold basis of cost and utility. Since the
health utility measure is not necessarily available for the entire sample, this utility
measure is often extrapolated from a technical or medical questionnaire through a
mapping function. In the literature this mapping is not accounted for when uncer-
tainty is handled, leading to wrong decision-making with serious consequence on
the patient’s health. The purpose of this paper is then to build a confidence interval
around the mean utility measure, accounting for the uncertainty coming from the
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questionnaire extrapolation. Analytic and nonparametric bootstrap procedures are
proposed. An extension of the methodologies to the Incremental Cost-Utility Ratio
is proposed in Appendix.

J.E.L. Classification: C13, C15, [C44]; I19.

Keywords: mapping, mean utility prediction, uncertainty, bootstrap.

1 Introduction

In cost-effectiveness analysis (CEA), one or more medical treatment(s) are compared
with a standard treatment on the two-fold basis of cost and medical effectiveness by
decision-makers. Only recently, the health utility has been taken into account instead
of the sole effectiveness. Since collecting utility data is time consuming and human re-
source demanding, the utility data are often collected on a sub-sample, conversely to the
other data such as cost data. Since the utility measure is not necessarily available for
the entire sample, the utility measure is often extrapolated from a questionnaire that
is not based on any utility principle such as clinical data of patient characteristics or
self-reply questionnaires on quality of life. In practice, the utility is measured on a small
sub-sample, whereas a technical questionnaire is collected from all the patients. A map-
ping is estimated between the utility measure and the questionnaire on the sub-sample.
Then, the utility value is predicted for the other patients, extrapolating the questionnaire
using the estimated mapping. For instance, the mapping techniques are often used in
Rheumatoid Arthritis, where the EuroQol EQ-5D measure is extrapolated from the HAQ
or DAS28 scores (see Ariza-Ariza et al. [2006], Nord et al. [1992], Longworth et al. [2005]).
For other examples, see among others Torrance [1976], Krabbe et al. [1997], Dolan and
Sutton [1997], O’Leary et al. [1995], Torrance et al. [1996].

We will show that decision-making based on utility values interpolated from mapping
is not reliable if the mapping is not accounted for. On a medical point of view, when
estimating the mean utility of a treatment, it is important to get an accurate confidence
interval, since these classical methods can lead to wrong positive decisions.

The purpose of this paper is then to build a confidence interval around the mean utility
measure, accounting for the uncertainty coming from the questionnaire extrapolation.
We point out that if the extrapolated utility values are used to compute a confidence
interval as if they were the observed values, this procedure dramatically decreases the
confidence interval so that the conclusion is not reliable since the uncertainty is largely
underestimated. This spurious decrease in uncertainty is not accounted for in the studies
of the literature and in the CEAs conducted in the pharmaceutical industry. Furthermore,
decision-making follows from these results.

In this paper, analytic and nonparametric bootstrap procedures are proposed to ac-
count for the questionnaire extrapolation procedure to build the confidence interval for
the mean utility. The performance of the methods is assessed via Monte Carlo experi-
ments for various sample sizes and models. Finally, an out of sample validation is carried
out to check the performance of the various methods on prostate cancer data. In addition,
an extension of the methodologies to the Incremental Cost-Utility Ratio is proposed in
Appendix B.

All the programs are written and run with Gauss software r©: the confidence interval
and Monte Carlo procedures, the regressions on data, as well as the out of sample val-
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idation. The Gauss procedures are available at: http://recherche.univ-lyon2.fr/eric/82-
Carole-Siani.html.

The remainder of this paper is organized as follows. section 2 describes the various
mapping methods of the literature. section 3 proposes several methods to handle un-
certainty around the mean utility. section 4 provides the Monte Carlo results for the
performance of the methods. section 5 provides an application to prostate cancer as well
as an out of sample validation. Finally, section 6 concludes. In addition, Appendix B
proposes an extension of the methodologies to the Incremental Cost-Utility Ratio.

2 Mapping methods in the literature

In this section, mapping methods of the literature used in various medical situations are
presented.

2.1 Notations

1. Preference-based single index measure:

(a) U : overall score, which is rescaled to [0,1].

(b) Uk, k = 1, . . . , K: the level of the index dimensions.

2. Non-preference based condition-specific instrument:

(a) X: overall score,

(b) Xd, d = 1, . . . , nD: the score of the instrument domains,

(c) Zi, i = 1, . . . , nI : the level of the instrument items, which can be discrete
variables,

(d) Ii,z, i = 1, . . . , nI , z ∈ E: a dummy variable that = 1 when the level of the
instrument item i is z. E is the set of values for z.

3. other independent variables:

(a) W : row vector of patient characteristics such as age, age squared, sex or others.

The paper of Tsuchiya et al. [2002] is presented first. The authors convert Asthma Quality
of Life Questionnaire (AQLQ) - a non-preference-based QOL instrument for asthma -
into EQ-5D indices - a preference-based generic instrument -. They propose a simple
transformation (linear), multi-linear regressions over the various domains or items. They
are presented below.

2.2 Simple linear regression mapping

U = α + βX + Wω + u (1)

α and β are parameters, and ω is a column vector of parameters.
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2.3 Multi-linear regression mapping

U = δ0 + δ1X1 + . . . + δnD
XnD

+ Wω? + v (2)

U = ι0 + ι1Z1 + . . . + ιnI
ZnI

+ Wω?? + w (3)

U = ι′0 +

nI∑
i=1

ι′iZi +

nI∑
i=1

nI∑
j=1

ι′ijZiZj + Wω′ + w′ (4)

Models 1–4 are estimated using ordinary least squares (OLS), and the independent vari-
ables are treated as continuous.

U = ι′′0 +

nI∑
i=1

∑

z∈E\{last element of E}
ι′′i,zIi,z + Wω′′ + w′′ (5)

Model 5 continues to use OLS, but now the independent variables Ii,z are treated as
categorical variables (with possibly continuous variables W ).

2.4 Multiple linear regressions

Uk = ιk,0 + ιk,1Z1 + . . . + ιk,nI
ZnI

+ Wωk + wk, k = 1, . . . , K (6)

Again, OLS is used, and both the dependent U and the independent variables are treated
as continuous. 1

2.5 Power models

In Stevens et al. [2006], Shmueli [2007], the authors propose mapping between Visual
Analogue Scale and Standard Gamble data. They assume a model of the following form:

Uis = f(Xis) + εis (7)

where i represents an individual and s represents a health state. 2 The authors assume
that the transformation function f( . ) do not vary across individuals and that they are
independence across observations. They assume the errors are normally distributed:

εis ∼ N(µi, σ
2
i )

Linear, quadratic, cubic and power functions are estimated. The linear and power models
are estimated using the disvalue form, where disvalue =(1-value) and disutility =(1-
utility). Since the utility measure belongs to [0,1]; the quadratic and cubic models use
the value form and are constrained to pass through 0 and 1. To allow for this constraint,
the quadratic model is estimated as:

U −X2 = α(X −X2)

1In practice, if Zi are discrete, the model is a mixture of discrete and continuous variables.
2s belongs to an (a priori) infinite continuous set, since for an analogical scale all the values are

allowed. Otherwise, we are limited to some integer numbers.
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and the cubic model is estimated as:

U −X3 = α(X −X3) + β(X2 −X3)

where U is the utility, X is the overall score of the instrument, and α and β are parameters
to be estimated.

The constraints to pass through 0 and 1 should also be applied to the previous models.
However, they are not necessarily respected by the data in practice. In addition, the error
terms u are out of this restriction. Consequently, we prefer not to impose them, and to
estimate the following models:

Quadratic: U = α + βX + γX2 + Wω + u (8)

Cubic: U = α + βX + γX2 + δX3 + Wω + u (9)

2.6 Generalised linear model (GLM)

The dependent variable U is transformed into an s-shaped non-linear variable that ap-
proaches 1, but does not reach it. The logit transformation can be applied. The obvious
shortcoming of this in the context of Tsuchiya et al. [2002] is that there are many re-
sponses with observed EQ-5D index of 1.00, and the transformation will imply dropping
these observations (because the transformed values approach infinity). Tsuchiya et al.
[2002] accommodated this by standardising the raw EQ-5D indices to the range [0,1],
based on an artificial range, say, [-0.5, +1.1], and then transforming this. In their paper,
Tsuchiya et al. [2002], given the additional complication, the arbitrary nature of the stan-
dardisation and the transformation, and the fact that the maximum predicted EQ-5D
indices of the simple linear models hardly exceed 1.00, the associated benefits of GLM
do not seem to outweigh its costs. Therefore Tsuchiya et al. [2002] decided not to use
GLM. Another way to overcome this problem would be to manage the 1’s as 1− ε in the
logistic model, with ε converging to 0.

3 Methods for calculating the mean utility confidence

interval

Beresniak et al. [2007] first criticised the use of mapping in cost-utility analysis since the
uncertainty is not accounted for in usual methods.

In their papers, Stevens et al. [2006], Shmueli [2007], Salomon and Murray [2004],
Longworth et al. [2005] report the prediction of their models for the mean utility. How-
ever, no confidence interval of this prediction is given. The absolute error of the model
is provided, but again, it does not correspond to an estimate error of the mean.

In their paper, Rivero-Arias et al. [2009] also report the mean utility on the out of
sample. They provide a confidence region for the mean utility. They argue that “In
terms of predicting uncertainty around EQ-5D mean estimates, their model estimated
tighter 95% CIs than the actual 95% CIs.” However, these confidence intervals are
underestimated (see Table 1).

The paper of Merkesdal et al. [2010] can also be cited. It deals with rheumatoid
arthritis. The HAQ score changes are mapped to related health utility states expressed
in QALYs gained. For this transformation, a standardised formula was used according to
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the most published cost-effectiveness models in RA. In the base case scenario, the formula
by Bansback et al. [2005] (female) was applied:

QoL = 0.76− 0.28 ∗HAQ− 0.05 ∗ Female. (10)

The utility estimates of the model result are provided in terms of QALYs for each sequence
of treatment with a confidence interval. It should be noted that it is impossible to
get a confidence interval from Equation 10. Thus, the confidence interval provided by
Merkesdal et al. [2010] should come from the mapped values, and should be under-
valuated. In addition, the authors provide a cost-effectiveness acceptability curve, which
should be wrong for the same reason.

Consequently, in this paper, we propose a method to provide the confidence interval
of the mean utility.

3.1 Statistical properties of the utility measure

Assumption 1: Utility

It is assumed that the utility measures ui follow independent random variables
with [0, 1] support and with distribution denoted DU as follows:

Ui ∼ independent DU(µU , σ2
U), (11)

where i denotes the individuals, µU the mean, and σ2
U the variance.

Since the support of the random variable Ui is finite, all the moments of the distribution
are finite. Since the true mean corresponding to the theoretical population is unknown,
the mean utility can be estimated as follows, on the basis of data collected from groups
of patients, each undergoing one of the forms of therapy (one group consisting of n
individuals):

Ū =
1

n

n∑
i=1

Ui. (12)

Under Assumption 1, and applying the Central Limit Theorem (CLT), we obtain:

Ū ∼ N

(
µU ,

1

n
σ2

U

)
. (13)

Assumption 2: Mapping

It is assumed that the utility measure can be explained by some variables X.

Ui = f(Xi; β) + εi, (14)

εi ∼ N(0, σ2
ε), (15)

where f is a function that depends on a parameter vector β, and εi is inde-
pendent of X. For simplicitys sake, at a first stage, it can be assumed that f
is linear: Ui = Xiβ + εi. Thus, µU = E(Xi)β, and σ2

U = β′V (X)β + σ2
ε .
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Let us consider an “in sample” with individuals i = 1, . . . , n where the utility measure is
known, and an “out of sample” with individuals i = n + 1, . . . , n + m where the utility
value is unknown.

The aim of mapping is to assess the out of sample mean utility µUout
= E(Uout). In the

linear case, µUout
= E(Xout)β, where Xout is the matrix of independent variables for

the out of sample. The estimator for the mean utility generally used is:

µ̂Uout
=

1

m

n+m∑
i=n+1

Ûi =
1

m

n+m∑
i=n+1

Xiβ̂in = X̄outβ̂in =
1

m
ι′mXout(X

′
inXin)−1X ′

inUin,

where Ûi are the out of sample predicted values for the utility measure, β̂in is the es-
timate of β using the mapping on the in sample, ιm = (1, . . . , 1)′, Xin is the matrix of
independent variables for the in sample, Uin are the utility measures for the in sample,
and ′ denote the transpose. It should be noted that:

µ̂Uout
=

1

m
ιmXoutβ +

1

m
ιmXout(X

′
inXin)−1X ′

inεin.

Then, we have the following properties: E(µ̂Uout
) = E(Xout)β. Thus, the estimator

µ̂Uout
is unbiased, and can be used to assess the mean utility. However, in order to take

a decision, the uncertainty has to be accounted for.

3.2 “Naive” confidence interval

A naive, and wrong, way to compute the variance of µ̂Uout
would be:

V̂ Naive
(
µ̂Uout

)
=

1

m

[
1

m− 1

n+m∑
i=n+1

(
Ûi − µ̂Uout

)2
]

. (16)

We report here the confidence interval that is provided by Rivero-Arias et al. [2009]. A
naive way to provide a (1− α) confidence interval is:

CINaive
µU

(1− α) =

[
µ̂Uout

± Φ−1
(
1− α

2

) √
V̂ Naive

(
µ̂Uout

)]
, (17)
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where Φ is the cumulative distribution function of a standard normal random variable.

3.3 Analytic confidence interval

In the case of a linear model, we derived the variance of µ̂Uout
, which can be estimated

as follows:

V̂
(
µ̂Uout

)
=

1

m
β̂′inΩ̂X β̂in + σ̂2

εin
X̄out(X

′
inXin)−1X̄ ′

out. (18)

See proof in Appendix, section A. It should be noted that

V̂
(
µ̂Uout

)
= V̂ Naive

(
µ̂Uout

)
+ σ̂2

εin
X̄out(X

′
inXin)−1X̄ ′

out. (19)

Thus, the term σ̂2
εin

X̄out(X
′
inXin)−1X̄ ′

out is missing in Equation 16. The asymptotic

(1− α) confidence interval is:

CIAnalytic
µU

(1− α) =

[
µ̂Uout

± Φ−1
(
1− α

2

) √
V̂

(
µ̂Uout

)]
. (20)

This analytic confidence interval is restricted to a linear framework with Gaussian error
terms. It can easily be extended to a nonlinear framework, using an Edgeworth expan-
sion, but it will be an approximation. Consequently, we prefer to develop a bootstrap
methodology, which will account for any nonlinear specification (such as logistic specifi-
cation for instance). In addition, if a nonparametric version of bootstrap method is used,
non-Gaussian distributed error terms can also be accounted for.

3.4 Nonparametric bootstrap confidence interval

In this subsection, we propose a methodology for building a confidence interval based
on the nonparametric bootstrap technique. For a general presentation of the percentile-t
method, see Hall [1992], Davidson and MacKinnon [1993], Efron and Tibshirani [1993],
Hjorth [1994], and Shao and Tu [1995].

First, a particular mapping model has to be chosen. Let us denote it:

U = f(X; β) + ε, (21)

where X is a regressor matrix, and the function f is known and is parametric in the sense
that it depends on a parameter vector β. The confidence interval is built as follows:

1. Equation 21 is estimated using appropriate methods such as OLS, Nonlinear Least
Squares, Maximum Likelihood, . . . , leading to β̂in, ε̂in, and Ûout.

2. µ̂Uout
and s =

√
V̂

(
µ̂Uout

)
are computed using the original dataset.

3. A bootstrap Data Generating Process (DGP) has to be defined. It may be either
parametric or semi-parametric, characterized by β̂in and by any other relevant
estimates, such as the error variance σ̂2

in, that may be needed. In a general case,
we propose:

U b
i = f

(
Xi, β̂in

)
+ εb

i , (22)
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for i = 1, . . . , n. In the case of linear modelling, the DGP is restricted to:

U b
i = Xiβ̂in + εb

i , (23)

The distribution of εb
i will be discussed in the last paragraph of this section.

4. B bootstrap samples are generated, (U b
i )

n
i=1, b = 1, . . . , B.

5. For each of these, an estimate µ̂b
Uout

and its standard error sb are computed in

exactly the same as for µ̂Uout
and s from the original data. Then the bootstrap

“t-statistic” is computed:

τ b =
µ̂b

Uout
− µ̂Uout
sb

.

6. The asymmetric equal-tail bootstrap confidence interval can be written as:

CIBootstrap
µU

(1− α) =
[
µ̂Uout

− s · F̂−1(1− α

2
), µ̂Uout

− s · F̂−1(
α

2
)
]
, (24)

where F̂ is the Empirical Distribution Function of the B bootstrap statistics τ b.

We consider the following way of generating the bootstrap residuals εb
i (see Weber [1984]).

The εb
i are generated by independent uniform draws with replacement among the vector

with the typical element ε̃i constructed as follows:

1. Calculate (PX)i,i, i = 1, . . . , n, the diagonal elements of the projection matrix on
X.

2. Calculate ε̂i√
1−(PX)i,i

, ∀i = 1, . . . , n.

3. Re-centre the vector that results.

4. Rescale it so that it has the variance σ̂2
ε .

This makes it possible to correct the heteroskedasticity in the residuals due to the regres-
sors.

4 Performance of the methods: Monte Carlo exper-

iments

In this section, the performance of the various methods is examined using Monte Carlo
experiments.

4.1 Monte Carlo methodology

Data Generating Processes (DGP) are used to generate simulated data samples. The
various methods are applied to each simulated sample j = 1, . . . , S, where S is the
number of Monte Carlo replications in an experiment. It is examined if each confidence
interval number j contains or not the true value µU of the mean utility (which is known,
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since the DGP is known, conversely to real data). The coverage c of the confidence
intervals can be estimated as follows:

ĉ =
1

S

S∑
j=1

I (µU ∈ Intervalj) . (25)

The standard deviation of this Monte Carlo estimate of the coverage is equal to
√

1
S
c(1− c),

where c is the coverage.
In our Monte Carlo experiments, we choose the confidence level 1 − α is equal to

0.95. The number of bootstrap replications is B = 999. The number of Monte Carlo
replications is S = 10, 000. If the true coverage c = 0.95, the standard deviation of the
Monte Carlo estimate of the coverage is 0.002179. At worst (when c = 0.5) the standard
deviation is 0.005. Several values for the in sample size n and the out of sample size m
are chosen. Small values for n and large values for m are chosen to reflect the case where
the utility is assessed only on a small sub-sample, and then extrapolated to the other
patients.

4.2 Data Generating Process

A variety of DGP are proposed to check the robustness of the methods: linear, nonlinear,
with Gaussian and non-Gaussian error terms.

4.2.1 Linear Case

Ui = β0 + β1 ·X1i + β2 ·X2i + εi, (26)

X1i ∼ i.i.d.U([0, 1]), (27)

X2i ∼ i.i.d.B(0.5, 3), (28)

εi ∼ i.i.d.N(0, σ2). (29)

The parameters values are set to: β0 = 0.1, β1 = 0.6, β2 = 0.2, σ = 0.3. We have
E(Ui) = 0.7.

4.2.2 Random Linear Case

The model is the same, but the parameters vary randomly across the Monte Carlo repli-
cations:

β0 ∼ i.i.d.N(0.1, 0.12), (30)

β1 ∼ i.i.d.N(0.6, 0.62), (31)

β2 ∼ i.i.d.N(0.2, 0.22), (32)

σ ∼ i.i.d.U([0.3 · 0.5, 0.3 · 1.5]). (33)

4.2.3 Non-Gaussian Random Linear Case

The model is the same as in Equation 26–Equation 28, but the error terms follow the
uniform distribution:

εi ∼ i.i.d.U([−0.6, 0.6]). (34)
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4.2.4 Nonlinear Case

Ui = F [β0 + β1 ·X1i + β2 ·X2i + εi] (35)

X1i ∼ i.i.d.U([0, 1]) (36)

X2i ∼ i.i.d.B(0.5, 3) (37)

εi ∼ i.i.d.N(0, σ2) (38)

The parameters values are set to: β0 = −0.6, β1 = 0.6, β2 = 0.2, σ = 0.3. We have
E(Ui) = 0.5.

4.3 Performance

The performance of the various confidence intervals is assessed in terms of coverage and
interval length for a 95% confidence level. These coverages are computed using Monte
Carlo experiments for various sample sizes, and are presented in Table 1. The sample
sizes are chosen to correspond to a mapping assessment on a small sub-sample (n ≤ 40),
and then an extrapolation of the utility values to the remaining sample having a size that
can be encountered in practice (m ≥ 400). If a method performs correctly, its coverage
has to be close to the confidence level.

Table 1: Coverage and mean length of the 95% confidence intervals

Coverage Mean length
n m Naive Analytic Bootstrap Naive Analytic Bootstrap

Linear Data Generating Process
40 400 0.3930 0.9465 0.9419 0.05149 0.1975 0.1962
30 600 0.2834 0.9458 0.9477 0.04145 0.2251 0.2318
20 800 0.2017 0.9333 0.9472 0.03580 0.2767 0.2984
Random Linear Data Generating Process
40 400 0.4709 0.9466 0.9253 0.06616 0.2045 0.1952
30 600 0.3681 0.9400 0.9366 0.05268 0.2294 0.2312
20 800 0.2624 0.9394 0.9463 0.04545 0.2789 0.2966
Non-Gaussian Random Linear DGP
40 400 0.4308 0.9440 0.9378 0.06662 0.2311 0.2248
30 600 0.3202 0.9411 0.9509 0.05318 0.2630 0.2679
20 800 0.2348 0.9366 0.9573 0.04615 0.3241 0.3468
Nonlinear Data Generating Process
40 400 0.3991 0.9443 0.9421 0.01928 0.07376 0.07323
30 600 0.2794 0.9387 0.9426 0.01558 0.08414 0.08661
20 800 0.1987 0.9369 0.9509 0.01352 0.1039 0.1119

n is the in sample size used to assess the mapping. m is the out of sample size
where the utility values are predicted.

The results show that the coverage of the “naive” confidence interval is very small
(around 30%) with respect to the confidence level (95%), whereas both the analytic and
bootstrap confidence intervals perform correctly.
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5 Application to Prostate Cancer

The above methodologies are then applied to data collected from a longitudinal prospec-
tive cohort study evaluating patients’ health-related quality of life after treatment for
prostate cancer. Several centres in the Herault and Gard regions participated in the
study. It has been financed by the French National Institute of Cancer (INCa).

5.1 Data description

Data on patients’ health-related quality of life were repeatedly collected 4 times. The
first time was done after diagnosis of prostate cancer and before treatment. The sec-
ond, third and fourth times were respectively 2 months, 6 months and 12 months after
treatment, respectively. The treatment under consideration here is laparoscopic radical
prostatectomy for which there are 116 patients. The utility of patients’ own health state
was evaluated directly by Standard Gamble method. The health related quality of life
information was evaluated by several multidimensional auto-administered quality of life
questionnaires. There were two generic questionnaires (EQ-5D and SF-36), one cancer
specific quality of life questionnaire (EORTC-QLQ C30), one prostate cancer specific
questionnaire (EORTC-PR25) and 3 prostate cancer – related symptoms questionnaire
(ICS, IIEF, and IPSS).

The dependent variable of the model is the SG score. The independent variables
included in the study are the following:

• The QLQ-C30 questionnaire, including

– the Global health status (GS),

– the Functional scales (FS) with the Physical Functioning (CF), the Role func-
tioning (CT), the emotional functioning (EM), the Cognitive functioning (CC)
and the social functioning (CS) scores,

– and the Symptom scales (SyS) with the Fatigue (FA), Nausea and vomiting
(NV), Pain (DOU), Dyspnoea (DY), Insomnia (IN), Appetite loss (MA), Con-
stipation (CO), Diarrhoea (DI) and Financial difficulties (DF) scores.

• IPSS and IIEF-5 questionnaires.

• The SF-36 questionnaire, including

– the Physical Composite Score (PCS),

– and the Mental Composite Score (MCS).

• The Visual Analogic Scales (VAS).

• Some individual characteristics: age and Prostate Specific Antigen (PSA) of the
patients. 3

3Since the gender is necessarily “male”, thus, the sex variable is not included.
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5.2 Link between the explanatory variables and the utility mea-
sure

All the explanatory variables and square age are considered in a linear regression including
the patients undergoing laparoscopic radical prostatectomy treatment. First, only visits
2, 3, and 4 are considered (since visit 1 corresponds to a visit before intervention). After
recursively removing insignificant variables up to the 10% level 4, the results for the
remaining variables are presented in Table 2. It should be noted that all the variables
are significant at the 5% level.

Table 2: Laparoscopic radical prostatectomy regression
Visits 2, 3, and 4 (after intervention)

Dependent variable: SG
Valid cases: 32 Missing cases: 55
Total SS: 0.712 Degrees of freedom: 25
R-squared: 0.733 Rbar-squared: 0.669
Residual SS: 0.190 Std error of est: 0.087
F(6,25): 11.432 Probability of F: 0.000

Standard Prob Standardized Cor with
Variable Estimate Error t-value > |t| Estimate Dep Var

Constant 2.374438 0.963147 2.465292 0.021 — —
PCS 0.038420 0.005605 6.854077 0.000 1.511375 0.328354
MCS 0.009238 0.002438 3.789367 0.001 0.655397 -0.059723
CT -0.009654 0.001611 -5.993522 0.000 -1.593518 -0.190286
DI 0.004355 0.001747 2.493401 0.020 0.402254 -0.370489
Age 0.000377 0.000117 3.206646 0.004 5.481131 0.132206
Age2 -0.000000 0.000000 -3.299575 0.003 -5.631635 0.150259

The utility after prostatectomy intervention is explained by the Physical Composite
Score (PCS) and the Mental Composite Score (MCS) of the SF-36 questionnaire, Role
Functioning and Diarrhoea scores of the QLQC-30 questionnaire as well as age. It should
be noted that the SF-36 generic questionnaire and some scores of the QLQ-C30 are suffi-
cient to explain the utility, whereas the prostate cancer – related symptoms questionnaires
do not provide any additional explanation.

For information, the results for regression for visit 1 (before the intervention) are
provided bellow. The regression is also run for visit 1 (before the intervention). The
results are provided in Table 3.

The utility is only partially explained (R-squared = 0.578) by the Visual Analogic
Scales (VAS) and by the Fatigue (FA) and the Appetite loss (MA) of the QLQ-C30
questionnaire. The SF-36 does not explain the utility before intervention.

4All the variables are first included in the regression equation. Then the most insignificant variable
is removed (the variable that has the largest P value). The regression equation is re-estimated. The
most insignificant variable is removed from the remaining variables. The process is iterated until all the
variables are significant at a certain significance level, say 10 or 5%.
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Table 3: Laparoscopic radical prostatectomy regression
Visit 1 (before intervention)

Dependent variable: SG
Valid cases: 21 Missing cases: 8
Total SS: 0.586 Degrees of freedom: 17
R-squared: 0.578 Rbar-squared: 0.503
Residual SS: 0.247 Std error of est: 0.121
F(3,17): 7.759 Probability of F: 0.002

Standard Prob Standardized Cor with
Variable Estimate Error t-value > |t| Estimate Dep Var
Constant 0.377337 0.156540 2.410489 0.028 — —
FA 0.003813 0.001326 2.875257 0.010 0.543055 0.218644
MA -0.004309 0.001459 -2.953608 0.009 -0.567466 -0.356843
VAS 0.005371 0.001862 2.883979 0.010 0.464202 0.552962

5.3 Cross validation of the confidence intervals

The purpose of this subsection is to apply the confidence intervals on the data sam-
ple (prostate cancer in the case of laparoscopic radical prostatectomy). The confidence
intervals are computed as if the utility was observed only on a sub-sample, and it is exam-
ined whether the intervals contain or not the empirical average utility on the remaining
sub-sample.

It should be noted that the coverage of the confidence intervals cannot be computed
using out of sample validation, since the true value for the expected utility is not known.
Since the empirical average utility is a random variable, the probability of containing it is
smaller than the coverage. However, examining whether the empirical average utility is in
each confidence interval allows checking the behaviour of the intervals in the case of real
data. This is the reason why this procedure is run only few times, just for information,
and not a very large number of times as for Monte Carlo experiments, which have to
numerically compute the coverage with the largest possible precision.

The 10% significant level explanatory variables of Table 2 are considered: PCS, MCS,
CT, DI, Age, Age2, as well as the SG score. Removing the missing values, 32 observations
are still valid. The mapping is then carried out on a sub-sample constituted from the
11 observations (about a third of the size of the full sample), which are randomly drawn
(following a uniform distribution with no replacement). Then, the various confidence
intervals are computed and reported in Table 4 and are compared to the empirical mean
utility of the remaining sample. This procedure is run ten times.

The results show that the naive interval contains the empirical mean utility of the
remaining sample only 6 times out of 10, whereas the analytic interval contains it 7 times
out of 10, and the bootstrap interval contains it 6 times out of 10. If this procedure is
run 1000 times, the naive interval contains the mean utility about 74%, the analytic one
85% (which is not bad, since the coverage is greater), and the bootstrap one 70%. The
nonparametric bootstrap suffers from the small sample size. In this case, the analytic
method is more robust.
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Table 4: 95% confidence intervals

Gauss 95% Confidence interval Mean
RndSeed † Limit Naive Analytic Bootstrap utility

lower 0.8799 0.8478 0.8695
1 upper 0.9850 1.0171 0.9946 0.9119

Contains ‡ yes yes yes
lower 0.9430 0.5876 0.5136

2 upper 1.1494 1.5049 1.6310 0.9405
Contains no yes yes
lower 0.9586 0.9464 0.9460

3 upper 0.9969 1.0090 1.0129 0.8833
Contains no no no
lower 0.8325 0.7924 0.8561

4 upper 0.9845 1.0247 0.9658 0.9362
Contains yes yes yes
lower 0.8884 0.9076 0.9465

5 upper 1.0572 1.0379 1.0035 0.9167
Contains yes yes no
lower 0.8460 0.7474 0.7464

6 upper 0.9662 1.0648 1.0566 0.9219
Contains yes yes yes
lower 0.9001 0.9047 0.9241

7 upper 0.9835 0.9789 0.9602 0.8952
Contains no no no
lower 0.8794 0.8122 0.8482

8 upper 0.9917 1.0590 1.0264 0.9267
Contains yes yes yes
lower 0.8427 0.7851 0.8189

9 upper 0.9491 1.0067 0.9819 0.9167
Contains yes yes yes
lower 0.9449 0.9466 0.9518

10 upper 1.0090 1.0073 0.9992 0.8857
Contains no no no

† The RndSeed number specifies the seed of the random number generator in Gauss
software r©.
Each different seed leads to a different (and independent) set of random numbers.
‡ This row indicates whether the confidence interval contains or not the empirical
mean utility of the remaining sample.
The number of bootstrap replications is B = 999.
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6 Discussion and conclusion

On a medical point of view, when estimating the mean utility of a treatment, it is im-
portant to get an accurate confidence interval. Indeed, the final purpose is to carry out
a cost-utility analysis (using for instance the incremental cost-utility ratio -ICUR-).

In CUA, the classical methods do not account for the mapping phenomenon. We
have shown that decision-making based on utility values interpolated from mapping is
not reliable if the mapping is not accounted for : a “naive interval” (which does not
account for mapping) would lead to a serious mistake: the coverage is between 20% and
40% for a 95% confidence level! Then, the utility can be greatly under or over evaluated.
These methods can lead to wrong positive decisions. In addition, it is often possible to
determine any sub-groups of patients for which a new treatment is more effective (in
terms of utility) than the standard treatment (for instance a sub-group for which the
disease if more serious). Thus, in these cases, it is essential to account for the uncertainty
due to mapping to get an accurate confidence interval with respect to the risk of coverage
α.

Our analytic and bootstrap procedures, integrating the mapping, provide very accu-
rate results. Monte Carlo experiments show that the analytic and bootstrap 95% confi-
dence intervals display coverage between 94% and 96% for various sample sizes, with a
reasonable interval length. In addition, the cross validation from the laparoscopic radical
prostatectomy data shows similar results in terms of coverage.

In the example of the prostate cancer, the utility after prostatectomy intervention
is explained by the Physical Composite Score (PCS) and the Mental Composite Score
(MCS) of the SF-36 questionnaire, Role Functioning and Diarrhoea scores of the QLQC-
30 questionnaire as well as age. These results have to be interpreted with caution because
of the small number of patients for which we have all the information. In addition, in our
model, to increase the number of observations, we had to consider that the visits were
independent, which is not necessarily true in practice. However, the large place taken up
by the SF36, and completed by any scores of the QLQC-30, is coherent. Nevertheless,
any items, characteristic of the consequences of an intervention on the prostate, do not
appear.

These methodologies can b extended to the Incremental Cost-Utility Ratio. This al-
lows to directly do the cost-utility analysis on the basis of cost and utility simultaneously.
Appendix B proposes an extension of the methodologies to the Incremental Cost-Utility
Ratio.
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Appendix

A Proof of the analytic confidence interval

Assume the following linear model:

Ui = Xiβ + εi.

Let the in sample be denoted: i = 1, . . . , n, and the out of sample be denoted: i =
n + 1, . . . , n + m.

The aim is to assess the out of sample mean utility:

µUout
= E(Uout,i) = E(Xout,i)β.

The estimator of µUout
is:

µ̂Uout
= X̄outβ̂in =

1

m
ι′mXout(X

′
inXin)−1X ′

inUin,

where ιm = (1, . . . , 1)′. It can be noted that:

µ̂Uout
=

1

m
ιmXoutβ +

1

m
ιmXout(X

′
inXin)−1X ′

inεin. (39)

Then, the estimator has the following properties.

A.1 Bias

E(µ̂Uout
) = E(Xout)β, the estimator is unbiased.

A.2 Variance

V (µ̂Uout
) = V (X̄outβ̂in).

From Equation 39, we have:

V
(
µ̂Uout

)
= V

[
X̄outβ + X̄out(X

′
inXin)−1X ′

inεin
]

(40)

= V
[
X̄outβ

]
+ V

[
X̄out(X

′
inXin)−1X ′

inεin
]

+2 · cov [
X̄outβ, X̄out(X

′
inXin)−1X ′

inεin
]

(41)

= A + B + 2 · C (42)

A =
1

m
β′V (Xout,iβ) =

1

m
β′ΩXβ (43)

B = E
[
X̄out(X

′
inXin)−1X ′

inεinε′inXin(X ′
inXin)−1X̄ ′

out
]

−{
E

[
X̄out(X

′
inXin)−1X ′

inεin
]}2

(44)

= E
{
E

[
X̄out(X

′
inXin)−1X ′

inεinε′inXin(X ′
inXin)−1X̄ ′

out|X
]}

−{
E

{
E

[
X̄out(X

′
inXin)−1X ′

inεin|X
]}}2

(45)

= E
{
X̄out(X

′
inXin)−1X ′

inE
[
εinε′in|X

]
Xin(X ′

inXin)−1X̄ ′
out

}

−{
E

{
X̄out(X

′
inXin)−1X ′

inE
[
εin|X

]}}2
(46)
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Since E
[
εinε′in|X

]
= σ2

εIn and E
[
εin|X

]
= 0, then

B = σ2
εE

{
X̄out(X

′
inXin)−1X̄ ′

out
}

(47)

C = E
[
X̄outβX̄out(X

′
inXin)−1X ′

inεin
]

−E
[
X̄outβ

] · E [
X̄out(X

′
inXin)−1X ′

inεin
]

(48)

= 0 (49)

V
(
µ̂Uout

)
=

1

m
β′ΩXβ + σ2

εE
{
X̄out(X

′
inXin)−1X̄ ′

out
}

. (50)

It should be noted that X̄out(X
′
inXin)−1X̄ ′

out = O
(

1
n

)
. Then, as n −→ ∞ and m −→

∞, V
(
µ̂Uout

)
−→ 0.

A.3 Confidence interval

In practice, this variance can be estimated as follows:

V̂
(
µ̂Uout

)
=

1

m
β̂′inΩ̂X β̂in + σ̂2

εin
X̄out(X

′
inXin)−1X̄ ′

out,

where Ω̂X is estimated on the whole sample rather than only on Xout to increase the
precision.
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B Extension of the methodologies to the Incremental

Cost-Utility Ratio

B.1 Background: the incremental cost-utility ratio

B.1.1 Definition and estimation

In economic evaluations, an ICUR statistic in which a new therapy (T = 1) is compared
with a standard therapy (T = 0) is defined by:

ICUR =
µ1

C − µ0
C

µ1
U − µ0

U

, (51)

where µ is the true mean value of (subscripts) costs (C) and utility (U) for treatments
number 1 and number 0. Since the true means corresponding to the theoretical population
are not known, the ICUR can be estimated as follows, on the basis of data collected from
two groups of patients, each undergoing one of the forms of therapy (group number 1,
consisting of n1 individuals, underwent treatment (T = 1) and group number 0, consisting
of n0 individuals 5, underwent treatment (T = 0)):

ÎCUR =
C1 − C0

U1 − U0
=

∆C̄

∆Ū
, (52)

where C1, C0 are the sample mean of the costs and U1, U0 in the two treatment arms
are the sample mean of utility.

B.1.2 Assumptions and statistical properties

Assumption 3: Utility distribution

It is assumed that the utilities of treatment T = 0, 1 follow independent random
variables with [0, 1] support and with distribution DT

U as follows:

UT
i ∼ DT

U(µT
U , σT

U

2
), (53)

where i denotes the individuals.

Since the support is finite, all the moments of the distribution are finite.

Assumption 4: Mapping

It is assumed that the utility measure can be explained by some variables X.

UT
i = f(XT

i , εT
i ; βT ), (54)

εT
i ∼ N(0, σ2

ε), (55)

where f is a function that depends on a parameter vector βT , and εT
i inde-

pendent of XT . It should be noted that βT is specific to the treatment.

Let us consider an “in-sample” where the utility measure is known be denoted: i =
1, . . . , nT , and an “out-of-sample” where the utility is unknown be denoted: i = nT +
1, . . . , nT + mT . The aim of mapping is to assess the out-of-sample mean utility:

µUT

out
= E(UT

out) = E(f(XT
i,out, ε

T
i,out; β

T )).

5n1 is generally different from n0.
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Assumption 5: Cost distribution

It is assumed that the costs of treatment T = 0, 1 follow independent random
variables with (0, +∞) support and with distribution DT

C as follows:

CT
i ∼ DT

C(µT
C , σT

C

2
), (56)

where σT
C

2
< ∞. i denotes the individuals.

Assumption 6: Cost-Utility link

It is assumed that the utility measure and the cost are correlated for individual
i and treatment T :

Cov(UT
i , CT

i ) = σT
UC (57)

Although the data in question do not follow normal distributions, we can generally
apply the Central Limit Theorem (CLT), partly thanks to the fact that each sequence of
pairs of random variables (C1

i , U
1
i )i=1,···,n1 , (C0

i , U
0
i )i=1,···,n0 is independent and identically

distributed (because the data were obtained in a randomised trial). Therefore, C1, C0,
U1 and U0 are asymptotically normally distributed, and the same applies for ∆C̄ and
∆Ē as the difference between normally distributed variables. 6

B.1.3 Linear approximation of the mapping

Utility modeling and estimate

If a first order approximation of the function f in Equation 54 is computed, it can be
assumed that UT is approximated by:

UT
i = XT

i βT + εT
i , (58)

where the constant term is assumed to be contained in XT . Thus,

µUT

out
= E(XT

i,out)β
T .

The estimator usually used is:

µ̂UT

out
=

1

mT

nT +mT∑

i=nT +1

ÛT
i =

1

mT

nT +mT∑

i=nT +1

XT
i β̂T

in = X̄T
outβ̂

T
in (59)

where Ûi are the out-of-sample predicted values for the utility measure, β̂T
in = (XT ′

inXT
in)−1XT ′

inUT
in

the in-sample estimate of βT , and ιm = (1, . . . , 1)′. It should be noted that:

µ̂UT

out
=

1

mT
ι′mXT

outβ
T +

1

mT
ι′mXT

out(X
T ′
inXT

in)−1XT ′
inεT

in. (60)

Then, we have the following properties: E(µ̂UT

out
) = E(XT

out)β
T . The estimator is

unbiased, and can be used to assess the mean utility. However, to take a decision, the
uncertainty has to be accounted for. The problem, which will be handle in subsection B.2,
is to estimate the variance of µ̂UT

out
.

6The estimated ICUR does not necessarily have a defined mean or a defined variance, mainly owing
to the fact that the denominator of the ratio can be statistically close to zero. In this case, the estimated
ICUR will be very large (so that it is statistically close to infinite) or indeterminate, depending on
whether ∆C̄ is also statistically close to zero, and the distribution of the estimated ICUR will be close
to a Cauchy distribution (whose moments are infinite).
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Cost estimate

The out-of-sample mean cost can be estimated as follows:

C̄T
out =

1

mT

nT +mT∑

i=nT +1

CT
i . (61)

Under Assumption 6, and applying the Central Limit Theorem (CLT) as nT −→ ∞, we
obtain:

C̄T
out ∼ N

(
µT

C ,
1

nT
σT

C

2
)

. (62)

The variance of CT
i can be estimated as follows:

(
σ̂T

Cout

)2

=
1

mT

nT +mT∑

i=nT +1

(
CT

i − C̄T
out

)
. (63)

Utility-Cost link modeling and estimate

σT
UC = Cov(XT

i1, C
T
i )β1 + · · ·+ Cov(XT

iK , CT
i )βK + Cov(εT

i , CT
i ), (64)

where K is the number of explanatory variables, X0 corresponds to the constant term.
Let us denote Cov(XT

ik, C
T
i ) = γT

k , (γT
1 , . . . , γT

K) = γT , and Cov(εT
i , CT

i ) = γε. It should
be noted that Cov(εT

i , CT
i ) is not necessarily equal to 0, since among two individuals that

have the same characteristics, if one has a random problem that causes its health status,
it will also causes the corresponding cost. The covariance vector can be estimated as
follows:

γ̂T =
1

mT

mT∑

i=nT +1

(XT
i − ιmT X̄T )′(Ci − C̄), (65)

where ιmT = (1, . . . , 1), X̄T = 1
mT

∑mT

i=nT +1 XT
i , and C̄ = 1

mT

∑mT

i=nT +1 Ci.

B.2 Confidence region for the ICUR

B.2.1 Case of no mapping: Fieller’s method

Why Fieller’s method?

Siani and Moatti [2003] analyzed all the method of the literature for calculating a con-
fidence region for the incremental cost effectiveness ration (ICER): box method, delta
method, ellipse method, Fieller’s method, classical bootstrap method, and “re-ordered”
bootstrap method. They found that the only two methods that are reliable are Fieller’s
method and the “re-ordered” bootstrap method. Siani et al. [2004], Siani and de Peretti
[2010] then focused on the performance of Fieller’s and “reordered” bootstrap methods
in the problematic cases, frequently occurring in practice, of the difference between av-
erage effects of the two treatments approaching statistically zero or of the (mean costs
difference, mean effects difference) pair also approaching statistically zero using Monte
Carlo simulations. Their Monte Carlo simulations show that the non-reordered bootstrap
method performs worse than Fieller’s method in these problematic cases. They also con-
firm that the reordered bootstrap method and Fieller’s method have similar performance
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most of the time. Nevertheless, their Monte Carlo simulations show that in any extreme
cases Fieller’s method performs significantly better than reordered bootstrap method. 7

When no mapping is used to assess the utility measure, the statistical properties of the
ICUR are similar to the ones of the ICER. Thus Fieller’s method should also over-perform
the other methods for the ICUR.

General theory

This analytic method is based on the joint distribution function of the (mean costs dif-
ference, mean effects difference) pair, which is assumed to follow a bivariate Gaussian
distribution. The method involves calculating confidence regions using the pivotal func-
tion technique, which consists of solving a second degree equation for the ICER. We
briefly recall the general context of Fieller’s theorem Fieller [1954] (see also Heitjan
[2000]). Fieller’s theorem has been considered in the univariate case Fieller [1940b,a],
Finney [1978] and in the multivariate case Volund [1980], Zerbe et al. [1982], Laska et al.
[1985]. It is assumed here that X1 and X2 are two random normally distributed variables
such that:

X ∼ N(η, Ω) with X =

(
X1

X2

)
, η =

(
η1

η2

)
and Ω =

(
ω2

1 ω12

ω12 ω2
2

)
, (66)

and it is proposed to determine a (1− α) confidence region for η1

η2
. For this purpose, we

draw up the (statistic) Z = X1 − ρX2 and we note that:

Z ∼ N(0, ω2
1 + ρ2ω2

2 − 2ρ ω12) under the assumption that ρ is equal to
η1

η2

.

Therefore, we have:
Z2

ω2
1 + ρ2ω2

2 − 2ρ ω12

∼ χ2(1), (67)

⇒ P

(
(X1 − ρX2)

2

ω2
1 + ρ2ω2

2 − 2ρ ω12

≤ k1−α

)
= 1− α ,

where k1−α is the (1 − α) quantile of the chi-squared distribution with one degree of
freedom. To find the (1 − α) confidence region for η1

η2
, the following inequation must be

solved:
Q(ρ) ≤ 0, (68)

where
Q(ρ) = xρ2 + yρ + z, (69)

with x = X2
2 − k1−αω2

2, y = 2(k1−αω12 − X1X2) and z = X2
1 − k1−αω2

1. If the variances
and covariances are unknown (for example in the case of small sample size), they can be
replaced by their estimators, in which case k1−α is interpreted as the (1− α) quantile of
an F distribution with the appropriate degrees of freedom.

7Previous Monte Carlo studies of the Literature which compared the performances of Fieller’s and
bootstrap methods, concluded that they had similar performance for calculating confidence regions for
the incremental cost-effectiveness ratio. However, these studies do not clearly mention whether they deal
with reordered or non-reordered bootstrap methods and we will clarify this point. In addition, in these
studies, the number of simulations used was insufficient to provide a great accuracy, the simulated data
dealt with were often configured in such a way that they were sufficiently far from problematic cases, the
miscoverage was measured calculating the mean miscoverage on several Data Generating Process, giving
the impression that all the methods have similar performance, and consequently, no reliable conclusion
can be drawn from these results.
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Application to the ICER

We assume that (CT , ET ) are vector random variables with mean (µT
C , µT

E), variance(
(σT

C)2, (σT
E)2

)
and covariance σT

CE for T = 0, 1. The variables used in Fieller’s method
correspond to the following values:

X1 = ∆C̄,

X2 = ∆Ē,

ω2
1 = σ0

C
2
/n0 + σ1

C
2
/n1,

ω2
2 = σ0

E
2
/n0 + σ1

E
2
/n1,

ω12 = σ0
CE/n0 + σ1

CE/n1.

After solving the inequation 68, (1−α) confidence regions for the ICER can have different
forms. Depending on the sign of x, defined in Equation 69, and depending on the sign
of the discriminant ∆ of the polynomial function Q, the various forms of the confidence
region obtained with Fieller’s method are shown in Table 5. RL and RU are the roots of

Table 5: Form of the confidence region

∆ < 0 ∆ = 0 ∆ > 0
x > 0 impossible impossible

[
RL, RU

]
Q convex case case

x = 0 impossible R
Q linear case

[
RL, +∞)

if y < 0
x < 0 R R (−∞, RU ] ∪ [RL, +∞)

Q concave

the polynomial function Q, given by the following formulas:

RL =
X1X2 − k1−αω12 −

√
(k1−αω12 −X1X2)2 − (X2

2 − k1−αω2
2)(X

2
1 − k1−αω2

1)

X2
2 − k1−αω2

2

, (70)

RU =
X1X2 − k1−αω12 +

√
(k1−αω12 −X1X2)2 − (X2

2 − k1−αω2
2)(X

2
1 − k1−αω2

1)

X2
2 − k1−αω2

2

. (71)

If x > 0, we have RL < RU , otherwise if x < 0, we have RL > RU . Lastly, if x = 0, then
RL = RU . It should be noted that the condition x < 0 corresponds to the case in which
µ∆E is not significantly different from zero at level α, and geometrically, the (∆C̄, ∆Ē)
pair is close to the vertical axis. The sign of x determines the statistical distance between
the mean effects difference and zero. As regards the sign of ∆, it measures the statistical
distance between the (mean costs difference, mean effects difference) and the origin of the
CE plane (see theorem 2). A detailed analyze of all the cases can be get under request
to the authors.
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B.2.2 Case of mapping: various proposals

“Naive” confidence region

A naive, and wrong, way to compute the variance of µ̂UT

out
would be:

V̂ Naive
(
µ̂UT

out

)
=

1

mT


 1

mT − 1

nT +mT∑

i=nT +1

(
ÛT

i − µ̂UT

out

)2


 , (72)

and the covariance between µ̂UT

out
and C̄T

out:

Ĉov
Naive

(
µ̂UT

out
, C̄T

out

)
=

1

mT


 1

mT − 2

nT +mT∑

i=nT +1

(
ÛT

i − µ̂UT

out

) (
CT

i − C̄T
)

 . (73)

The standard deviation in Equation 72 seems to be used in Rivero-Arias et al. [2009]
to compute the confidence interval for the mean utility. A naive way to provide a (1 −
α)-confidence region for the ICUR is to provide the following moments to the Fieller’s
method:

X1 = ∆C̄ = C̄1
out − C̄0

out, (74)

X2 = ∆Û = µ̂U1

out
− µ̂U0

out
, (75)

ω̂2
1 =

(
σ̂1

Cout

)2

/n1 +
(
σ̂0

Cout

)2

/n0, (76)

ω̂2
2 = V̂ Naive

(
µ̂U1

out

)
+ V̂ Naive

(
µ̂U0

out

)
, (77)

ω̂12 = Ĉov
Naive

(
µ̂U1

out
, C̄1

out

)
+ Ĉov

Naive
(
µ̂U0

out
, C̄0

out

)
. (78)

The confidence region for the ICUR is then given by Table 5, Equation 70, and Equa-
tion 71 when using the moments above.

Analytic confidence region

In the case of a linear approximation, the variance of µ̂Uout
can be estimated as follows:

V̂
(
µ̂UT

out

)
=

1

mT
β̂T
in
′Ω̂XT

out
β̂T
in + σ̂2

εT

in
X̄T

out(X
T
in
′XT

in)−1X̄T
out

′. (79)

The proof can be get under request to the authors. It should be noted that

V̂
(
µ̂UT

out

)
= V̂ Naive

(
µ̂UT

out

)
+ σ̂2

εT

in
X̄T

out(X
T
in
′XT

in)−1X̄T
out

′. (80)

In Equation 72, the term σ̂2
εT

in
X̄T

out(X
T
in
′XT

in)−1X̄T
out

′ is missing. The covariance between

µ̂UT

out
and C̄T

out can be estimated as follows:

Ĉov
(
µ̂UT

out
, C̄T

out

)
=

1

mT
γ̂T
out

′β̂T
in. (81)
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The proof can be get under request to the authors. The confidence region for the ICUR is
then given by Table 5, Equation 70, and Equation 71 when using the following moments:

X1 = ∆C̄ = C̄1
out − C̄0

out, (82)

X2 = ∆Û = µ̂U1

out
− µ̂U0

out
, (83)

ω̂2
1 =

(
σ̂1

Cout

)2

/n1 +
(
σ̂0

Cout

)2

/n0, (84)

ω̂2
2 = V̂

(
µ̂U1

out

)
+ V̂

(
µ̂U0

out

)
, (85)

ω̂12 = Ĉov
(
µ̂U1

out
, C̄1

out

)
+ Ĉov

(
µ̂U0

out
, C̄0

out

)
. (86)

These analytic confidence region is restricted to a linear framework with Gaussian
error terms. It can easily be extended to a nonlinear framework, using an Edgeworth ex-
pansion, but it will be an approximation. Consequently, we prefer to propose a bootstrap
methodology, which will account for nonlinear specification, which may be used (such
as logistic specification for instance). In addition, using nonparametric bootstrap, error
terms with non-Gaussian distribution can also be accounted for.

Nonparametric bootstrap confidence region

In this subsection, we propose a methodology for building a confidence region based on
the nonparametric bootstrap technique to compute the moments of the estimators. For a
general presentation of the percentile-t method, see Hall [1992], Davidson and MacKinnon
[1993], Efron and Tibshirani [1993], Hjorth [1994], and Shao and Tu [1995]. A mapping
model is chosen:

UT
i = f(XT

i , εT
i ; βT ), (87)

CT
i = g(UT

i , νT
i ; βT

C), (88)

where XT is a regressor matrix, and the functions f and g are known and are parametric
in the sense that they depend on a parameter vector βT or βT

C . εT
i and νT

i are not assumed
to be Gaussian. V (εT

i ) = (σT
ε )2, and V (νT

i ) = (σT
ν )2. The confidence region is built as

follows:

1. Equation 87 and Equation 88 are estimated, providing β̂T
in, ε̂T

in, (σ̂T
ε )2, β̂T

C,in, ν̂T
in,

and (σ̂T
ν )2.

2. A bootstrap Data Generating Process (DGP) has to be defined. It may be either
parametric or semiparametric, characterized by β̂in, β̂T

C,in, and by any other relevant

estimates that may be needed. In a general case, we propose:

UT,b
i = f(XT,b

i , εT,b
i ; β̂T

in), (89)

CT,b
i = g(UT,b

i , νT,b
i ; β̂T

C,in), (90)

XT,b
i ∼ i.i.d. uniform distribution on XT

i , (91)

for T = 1, 0 and i = 1, . . . , nT . The distribution of εb
i will be discussed later. f and

g have to be chosen. For simplicitys sake, a linear model is chosen here:

UT,b
i = XT,b

i β̂T
in + εT,b

i , (92)

CT,b
i = UT,b

i β̂T
C,in + νT,b

i , (93)
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where XT is assumed to contain the constant term, but a more specific nonlinear
model can be chosen in practice in accordance with the data.

3. B bootstrap samples are generated:

(XT,b
i )nT +mT

i=1 , (UT,b
i )nT

i=1, (C
T,b
i )nT +mT

i=1 ,

for T = 1, 0 and b = 1, . . . , B.

4. For each of these samples, we compute β̂T
in -denoted β̂T,b

in -, ∆Û b = µ̂U1,b

out
− µ̂U0,b

out
=

X̄1,b

outβ̂
1,b

in − X̄0,b

outβ̂
0,b

in and ∆C̄b = C̄1,b

out − C̄0,b

out.

5. The variance-covariance matrix of X1 = ∆C̄ = C̄1
out − C̄0

out and X2 = ∆Û =
µ̂U1

out
− µ̂U0

out
is then computed as follows:

ω̂2
1 =

1

B

B∑

b=1

(
∆C̄b −∆C̄

)2
, (94)

ω̂2
2 =

1

B

B∑

b=1

(
∆Û b −∆Û

)2

, (95)

ω̂12 =
1

B

B∑

b=1

(
∆C̄b −∆C̄

) (
∆Û b −∆Û

)
. (96)

6. The confidence region is obtained by applying Fieller’s method to the moments
computed using bootstrap techniques.

We consider the following way of generating the bootstrap residuals εT,b
i and νT,b

i (see
Weber Weber [1984]). The εT,b

i are generated by independent uniform draws with re-
placement among the vector with the typical element ε̃T

i constructed as follows:

1. Calculate (PXT )i,i, i = 1, . . . , nT , the diagonal elements of the projection matrix on
XT .

2. Calculate
ε̂T
i√

1−(P
XT )i,i

, ∀i = 1, . . . , nT .

3. Recenter the vector that results.

4. Rescale it so that it has the variance (σ̂T
ε )2.

This permits to correct the heteroskedasticity in the residuals due to the regressors. The
same procedure is applied for νT,b

i .

B.3 Performance of the methods: Monte Carlo experiments

Data Generating Process (DGP) are use to generate simulated data samples. The meth-
ods are applied to each simulated sample j = 1, . . . , S , and it is examined if each
confidence region j contains or not the true value ICUR of the ratio (which is known,
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since the DGP is known, conversely to real data). The coverage c of the confidence regions
can be estimated as follow:

ĉ =
1

S

S∑
j=1

I (µU ∈ Intervalj) . (97)

The standard deviation of this Monte Carlo estimate of the coverage is
√

1
S
c(1− c), where

c is the true coverage.
In our Monte Carlo experiments, we choose the confidence level 1 − α = 0.95. The

number of bootstrap replications is B = 999. The number of Monte Carlo replications
is S = 10, 000. If the true coverage c = 0.95, the standard deviation of the Monte Carlo
estimate of the coverage is 0.002179. At most (where c = 0.5) the standard deviation is
0.005. Several values for nT and mT are chosen. Small values for nT and large values
for mT are first allow to reflect the case where the utility is assessed only on a small
subsample, and then extrapolated to the other patients.

B.3.1 Data Generating Process

A variety of DGP are proposed to check the robustness of the methods: linear, nonlinear,
with non-Gaussian error terms.

Linear Case

UT
i = βT

0 + βT
1 ·XT

1i + β2 ·XT
2i + εT

i , (98)

CT
i = βT

C,0 + βT
C,1 · UT

i + νT
i , (99)

XT
1i ∼ i.i.d.U([0, 1]), (100)

XT
2i ∼ i.i.d.B(0.5, 3), (101)

εT
i ∼ i.i.d.N(0, (σT

ε )2), (102)

νT
i ∼ i.i.d.N(0, (σT

ν )2). (103)

The parameters values are set to:
β1

0 = 0.2, β1
1 = 0.7, β1

2 = 0.3, σ1
ε = 0.15, β1

C,0 = 0.35, β1
C,1 = 0.5, σ1

ν = 0.15.
β0

0 = 0, β0
1 = 0.5, β0

2 = 0.1, σ0
ε = 0.15, β0

C,0 = 0.35, β0
C,1 = 0.5, σ0

ν = 0.15.
We have E(U1

i ) = 1, E(C1
i ) = 0.85, E(U0

i ) = 0.4, E(C0
i ) = 0.55, ICUR = 0.5.

Random Linear Case

The model is the same, but the parameters vary randomly across the Monte Carlo repli-
cations:

β1
0 ∼ i.i.d.N(0.2, 0.22) , β0

0 ∼ i.i.d.N(0, 02), (104)

β1
1 ∼ i.i.d.N(0.7, 0.72) , β0

1 ∼ i.i.d.N(0.5, 0.52), (105)

β1
2 ∼ i.i.d.N(0.3, 0.32) , β0

2 ∼ i.i.d.N(0.1, 0.12), (106)

σ1
ε ∼ i.i.d.U([0.15 · 0.5, 0.15 · 1.5]) , σ0

ε ∼ i.i.d.U([0.15 · 0.5, 0.15 · 1.5]), (107)

β1
C,0 ∼ i.i.d.N(0.35, 0.352) , β0

C,0 ∼ i.i.d.N(0.35, 0.352), (108)

β1
C,1 ∼ i.i.d.N(0.5, 0.52) , β0

C,1 ∼ i.i.d.N(0.5, 0.52), (109)

σ1
ν ∼ i.i.d.U([0.15 · 0.5, 0.15 · 1.5]) , σ0

ν ∼ i.i.d.U([0.15 · 0.5, 0.15 · 1.5]). (110)
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We have E(UT
i |βT ) = (1, 0.5, 1.5)βT , E(CT

i |βT , βT
C) =

(
1, E(UT

i |βT )
)
βT

C .

Non-Gaussian Random Linear Case

The model is the same as in Equation 98–Equation 101, but the error terms follow the
uniform distribution:

εT
i ∼ i.i.d.U([−2, 2]) ∗ σT

ε , (111)

νT
i ∼ i.i.d.U([−2, 2]) ∗ σT

ν . (112)

The parameters follow the same distributions as in Equation 104–Equation 110. Then,
we also have E(UT

i |βT ) = (1, 0.5, 1.5)βT , E(CT
i |βT , βT

C) =
(
1, E(UT

i |βT )
)
βT

C .

Nonlinear Case

UT
i = F [β0 + β1 ·X1i + β2 ·X2i + εi] (113)

CT
i =

(
βT

C,0 + UT
i βT

C,1

)
χ2(1) (114)

F is the cumulative distribution function of a normal variable. The parameters values
are set to:
β1

0 = −0.5, β1
1 = 0.7, β1

2 = 0.3, σ1
ε = 0.3, β1

C,0 = 0.25, β1
C,1 = 0.5.

β0
0 = −0.7, β0

1 = 0.5, β0
2 = 0.1, σ0

ε = 0.3, β0
C,0 = 0.25, β0

C,1 = 0.5.
We have E(U1

i ) = 0.61791142, E(C1
i ) = 0.55895571, E(U0

i ) = 0.38208858, E(C0
i ) =

0.44104429, ICUR = 0.5.

B.3.2 Performance

The coverage of the various confidence regions, computed via Monte Carlo experiments
for various samples sizes, are presented in Table 6. The sizes are chosen to correspond
to a mapping assessment on a small subsample, and then an extrapolation of the utility
values to the remaining sample of sizes that can be encountered in practice. The results
show that the coverage of the “naive” confidence region is small (down to 60% depending
on the sample sizes) with respect to the confidence level (95%), whereas both the analytic
and bootstrap confidence regions perform correctly.
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Table 6: Coverage and mean length of the 95% confidence intervals

Coverage Mean angle
nT mT Naive Analytic Bootstrap Naive Analytic Bootstrap
Linear Data Generating Process
40 400 0.9239 0.9818 0.9818 0.0929 0.1309 0.1275
30 600 0.7892 0.9620 0.9567 0.0761 0.1322 0.1273
20 800 0.6659 0.9598 0.9471 0.0659 0.1501 0.1403

Random Linear Data Generating Process
80 40 0.9593 0.9679 0.9685 0.4240 0.4538 0.4518

100 100 0.9417 0.9616 0.9616 0.2848 0.3104 0.3102
40 400 0.8348 0.9667 0.9605 0.1324 0.2337 0.2265
30 600 0.7495 0.9620 0.9523 0.1101 0.2520 0.2406
20 800 0.6349 0.9540 0.9437 0.0826 0.2519 0.2319

Non-Gaussian Random Linear DGP
40 400 0.8000 0.9538 0.9495 0.1457 0.2666 0.2591
30 600 0.7057 0.9577 0.9498 0.1010 0.2624 0.2511
20 800 0.6112 0.9461 0.9381 0.0872 0.3170 0.2886

Nonlinear Data Generating Process
40 400 0.9512 0.9580 0.9321 0.7086 0.7383 0.7164
30 600 0.9382 0.9559 0.9171 0.5827 0.6292 0.5989
20 800 0.9230 0.9483 0.9207 0.5119 0.5967 0.5608

nT is the in sample size used to assess the mapping. mT is the out of sample size
where the utility values are predicted.
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