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Abstract
Measures of health status, such as e.g. the QALY (Quality Adjusted Life
Years) measure, have been proposed as tools in the economic assessment of
medical interventions. There is by now an extensive literature on the possible
foundations in individual utility theory of such measures. The present paper
focuses on problems related to aggregation over diﬀerent types or aspects of
health. We address this problem by considering a general equilibrium model
of a society, where diﬀerent aspects of health are formalized as Lancasterian
characteristics. We consider the welfare theoretical basis for evaluation of
changes in allocation. In particular, we investigate the conditions under which
individuals will have the same marginal rates of substitution between health
characteristics, shown to be a precondition for a meaningful measurement of
health status. It turns out that this equality is attained under conditions of
separability either of individual health production or of preferences.

Keywords: Health status measures, QALYs, cost-eﬀectiveness analyses, consumers’
characteristics, general equilibrium.
JEL-classiﬁcation: D6, I0.
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Introduction

In recent years, the growth of health related expenditure in most countries has led
to an increased concern for setting the right priorities and for choosing the right
methods to evaluate medical interventions. Since output produced in the health
care sector is not directly marketed, and the ﬁnal goal of the sector’s production,
namely health, is not immediately amenable to precise measurement, investment
analysis is not easily applied to medical technologies and treatments. It is not
surprising, therefore, that there have been many attempts to measure health status
or changes in health status. Among the many suggestions to measure health status
the most prominent is the Quality Adjusted Life Years (QALY) index which is
widely discussed in the literature (cf. e.g. Torrance, 1986; Torrance and Feeny,
1989; Loomes and McKenzie, 1989; Bleichrodt, Wakker and Johannesson, 1997;
Bleichrodt and Quiggin, 1997; see also the recent survey in the survey in Dolan,
2000).
Several authors have remarked that the use of a health index in cost-eﬀectiveness
analyses involves aggregation across individuals. However, there is also another kind
of aggregation involved; if ‘health’ is not a well-deﬁned one-dimensional quantity but
has several aspects or components (ability to move around, ability to hear, to see,
etc.), then the comparison of medical treatments according to QALYs gained per
dollar spent presupposes that the QALY gain of, say, improved ability to see, relative
to the QALY gain of some other kind of improved health, for example ability to hear,
should be the same for all individuals. Technically, marginal rates of substitution
between diﬀerent aspects of health should not diﬀer among individuals, even if their
individual utilities and society’s weighing of these individuals may diﬀer.
This equality of marginal rates of substitution (in diﬀerent types of health)
among individuals (explained in some more detail in the following section) is an assumption which is much more restrictive than what economists are willing to admit
when dealing with consumption of ordinary commodities. Here it is usually taken
for granted that individuals have diﬀerent preferences and therefore also diﬀerent
marginal rates of substitution between goods. Similarly, it would seem reasonable
to expect that individuals evaluate diﬀerent aspects of health in diﬀerent ways (a
professional musician may indeed be more worried about the ability to hear than
the ability to move around, and a professional athlete might well take the opposite
view).
As is well-known, individual marginal rates of substitution between goods become identical when the goods can be traded in a market. Now this intervention of
the market does not work immediately with respect to diﬀerent aspects of health,
since they cannot be traded. However, since health is obtained by the individual
through an overall decision that also involves goods obtained at the market, it is
conceivable that the market may result in uniformity of marginal rates of substitution also for the various aspects of health. This is what is investigated in the paper,
where health components are treated as Lancasterian consumption characteristics,
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and indeed equality of marginal rates of substitution holds in some, unfortunately
rather restrictive cases, characterized by separability in the ‘production’ of health
from commodities or in preferences.
The paper is structured as follows: Section 2, provides a more detailed discussion
of the speciﬁc aggregation problem involved in the use of health measures of the
QALY type in cost-eﬀectiveness analysis. In Section 3, we introduce our basic
general equilibrium model with health characteristics, and the following Section 4
contains two simple examples showing what is at stake. In Section 5, we assume that
individuals diﬀer in preferences but have access to the same “household” technology
(i.e. ways of producing health from commodities). We introduce a separability
condition on household technologies and show that equality of marginal rates of
substitution obtains if and only if the separability condition is satisﬁed. Section 6
treats the situation where preferences are identical but where household technologies
vary among individuals, and a similar characterization by separability, this time
of preferences, is obtained. The concluding section 7 contains ﬁnal remarks; in
particular, we return to the initial problem of health measurement and interpret our
results in this context. The proofs of the theorems in the text have been collected
in an appendix.

2

Health measures in cost-eﬀectiveness analysis
and the need for aggregation

In this section we shall brieﬂy discuss the role of health status measures in costeﬀectiveness analysis. Our approach to cost-eﬀectiveness is that of welfare economics
(for a discussion the reader is referred to Gold et al., 1996; Garber, 2000; Brouwer
and Koopmanschap, 2000). Thus, we consider a society with, say, m consumers,
deriving utility from the consumption of l commodities as well as from the enjoyment
of health in its, say, L > 1 diﬀerent aspects. The assumption that there are several
diﬀerent aspects of health to be measured separately ﬁts with intuition and it also
corresponds to the approach in practical health status measurements (such as e.g.
SF-36, cf. Ware, 1995). For a more detailed descriptions of deﬁnite aspects of health,
cf. e.g. Sintonen (1981).
We assume that consumers have utility functions ui (xi , hi ) deﬁned on consumption of commodities and health characteristics, where xi and hi are vectors of consumption of commodities and health, respectively. Now a medical treatment can be
formalized as a displacement (dxi , dhi )m
i=1 of the current allocation of commodities
and individual enjoyment of health for each individual.
As usual in the theoretical cost-beneﬁt literature (see for example Lessourne
(1975) and Laﬀont (1988)), we assume that society’s preferences over alternative
allocations of commodities and health can be described by a social welfare function
S(u1 (x1 , h1 ), . . . , um (xm , hm )).
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Then the change in society’s welfare associated with the displacement (dxi , dhi )m
i=1
in health and commodity consumption is
dS =

m

i=1

Si

l


uij dxij +

j=1

m


Si

i=1

L


uij dhij .

j=1

Note that everything except for the displacements is unknown to the analyst. However, if we assume that (i) commodities are bought in a market at prices pj , and (ii)
the income distribution in society is optimal for given health, then the ﬁrst term
reduces to
K

l


pj

j=1

m


dxij ;

i=1

indeed, substituting from the consumers’ ﬁrst order conditions λi pj = uij for utility
maximization at given prices and incomes which hold due to (i), the term takes


the form lj=1 Si λi pj m
i=1 dxij . Since the Lagrangian multiplier λi is consumer i’s
marginal utility of income, the assumption (ii) of optimal income distribution then
implies that Si λi is independent of i and equals some K > 0.
In order to perform a similar reduction of the second term related to enjoyment of
health we need assumptions which are counterparts of (i) and (ii). Assume therefore
that (i’) individual utility depends on commodity and health consumption via a
health index, i.e. there is a function Q such that
ui (xi , hi ) = ũi (xi , Q(hi ))
for all i. Then uij = ũi,l+1 Qj for each i, so that uij is a product of a term depending
only on i and one depending only on j; in particular, the marginal rate of substitution
ui,j /ui,k = Qj /Qk is the same for all individuals. Assuming in addition that (ii’) the
distribution of the values of Q is considered optimal, so that Sij ũi,l+1 = Si j ũi ,l+1
for all consumers i and i , we get the expression
dS = Kp ·

m


dxi + M

i=1

m


dqi ,

(1)

i=1



where for each i, dqi = Lj=1 Qj dhij , is the displacement of the health index experienced by individual i. This implies that evaluation of the desirability of medical
treatments for society reduces to the assessment of pairs
(p ·

m


dxi ,

i=1

m


dqi )

(2)

i=1

according to a linear criterion with unknown weights K and M .
If both terms in (2) are strictly positive, society clearly gains in welfare (dS > 0)
by adopting the new treatment, so the interesting case is where one of the terms,
typically the ﬁrst, is negative. In the latter case, we may perform comparisons
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of two treatments (even without knowledge of the constants K and M ): If (p ·
m
m
0 m
0
1 m
1
i=1 dxi ,
i=1 dqi ) (p· i=1 dxi ,
i=1 dqi ) are the data of two alternative treatments,
then
m
m
m
m
Kp ·



dx1i + M

i=1

if and only if



dqi1 > Kp ·

i=1

p·


i=1

m

p·



dqi0

i=1

m

dx0
< ν mi=1 0 i
i=1 dqi
for some ν > 0. Thus, foregone consumption per unit of health gained should be
smaller in treatment 1 than in treatment 0 (under the additional assumption that
treatments may be introduced on an arbitrary scale, which accounts for the constant
ν in the above expression).
As is seen, in order to perform cost-eﬀectiveness analysis, we need to aggregate
over diﬀerent aspects of health; the crucial assumption above is (i’) which boils
down to an assumption of equality among individuals of marginal rates of substitution between diﬀerent aspects of health. If we can point to an underlying reason
why marginal utilities of all the diﬀerent types of health become identical across
individuals, then cost-eﬀectivness analysis with health status measurement would
be as sound as traditional cost-beneﬁt in a world with no health-related outcomes.
In the following sections, we investigate whether the presence of a market, which
of course by necessity must be restricted to ordinary commodities, can give us not
only (i), but also (i’), as a result of optimizing behavior of individuals under given
institutional constraints. As a matter of fact, it can, but only under rather restrictive
assumptions, and the nature of these assumptions will be disclosed as we proceed.

3

1
i=1 dxi
m
1
i=1 dqi

dx0i + M

A general equilibrium model with consumer characteristics

In order to see whether the presence of a market in ordinary commodities may
lead to common evaluation of the relative importance of diﬀerent aspects of health,
we consider a general equilibrium model with consumption characteristics in the
sense of Lancaster (1971). In our model below, consumers are mainly concerned
about their bundle of characteristics (related to health as well as to other aspects of
life), and commodities are only important insofar as they can be used as inputs in
the individual’s own (“household”) production of characteristics. This approach to
health consumption using Lancaster’s (1971) consumer characteristics is not new in
health economics, see e.g. the intertemporal health consumption model of Grossman
(1972). Moreover, the connection between QALYs and Lancaster’s characteristics
was also noticed by Williams (1985) and Culyer (1990).
Thus, consider an economy E with l commodities. Consumers i ∈ {1, . . . , m}
buy commodity bundles xi ∈ Rl+ in the market and transform these commodity
bundles into bundles ξi of L diﬀerent consumers’ characteristics which are used for
5

ﬁnal consumption. Each consumer i has a utility function ui deﬁned on bundles
of characteristics, that is on RL+ . We have already encountered characteristics in
the previous section as the diﬀerent aspects of health hi1 , . . . , hiL important for
individual i; in a more general setting, there may of course be other characteristics
not necessarily related to health. For simplicity of notation, we assume that utility
is deﬁned only on characteristics; this is no restriction as we may always consider
each ordinary commodity as another characteristic.
To obtain the characteristics bundle ξi , the consumer uses a household technology Ti ⊂ Rl+ × RL+ transforming commodity bundles into characteristics bundles;
a household production is a pair (xi , ξi ) belonging to Ti . We may think of the
household technology as a set of ‘blueprints’ for health-seeking behavior, specifying
which commodities (food, beverages, medical services) to buy in order to achieve
a desired enjoyment of health. Here the term “household” is in accordance with
the terminology of Lancaster, but when dealing with technologies for transforming
marketable commodities into individual health, it will of course go far beyond the
realm of the household. In our application of the model, medical treatments, using
services of professionals as well as individual inputs of time, will be the most important components of the household technology, but it will of course also contain
all other procedures for getting better health out of goods and services which are
available to the consumer.
Finally, we need to introduce production of ordinary commodities in the model,
but since this is not an important part of our investigation, we shall treat commodity
production (as distinct from household production) in a very summary way: There
is a given set Y ⊂ Rl+ of feasible aggregate commodity bundles in the economy E.
In the subsequent analysis, we shall occasionally make use of the following assumption, stating that the economy considered satisﬁes the usual rather weak conditions of well-behavedness:
Assumption 1 The economy E satisﬁes:
(i) For each i, ui is continuous, weakly monotonic (i.e. ξi > ξi implies that ui (ξi ) >
ui (ξi )), and quasi-concave.
(ii) For each i, Ti is closed, convex, monotonic (i.e. for all (xi , ξi ) ∈ Ti , if xi ≥
xi , xi = xi , then there is ξi ≥ ξi , ξi = ξi with (xi , ξi ) ∈ Ti ) and relevant (i.e.
if (xi , ξi ) ∈ Ti and ξi ≥ 0, ξi = 0, then xi ≥ 0, xi = 0). Moreover, Ti satisﬁes
free disposability (i.e. if (xi , ξi ) ∈ Ti , and if xi ≥ xi , ξi ≤ ξi , then (xi , ξi ) ∈ Ti ).
(iii) The set Y satisﬁes free disposability and contains 0 in its interior.
An allocation in the economy E is a pair (x, ξ), where x = (xi )m
i=1 is a commodity
m
allocation and ξ = (ξi )i=1 a characteristics allocation. It is individually feasible if
xi ∈ Rl+ , (xi , ξi ) ∈ Ti for each i
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(so that the speciﬁed characteristics bundles can be obtained in the household tech
nologies with the speciﬁed commodity bundles), and aggregate feasible if m
i=1 xi ∈
Y ; it is feasible if it is both individually and aggregate feasible. An allocation (x, ξ)
in E is Pareto optimal if it is feasible and if there is no other feasible allocation
(x , ξ  ) such that ui (ξi ) ≥ ui (ξi ) for all i with at least one strict inequality.
Since our aim is to investigate whether market behavior by individuals has consequences for marginal rates of substitution for characteristics, we shall consider
equilibria with respect to a market (for commodities). The following deﬁnition is
a straightforward extension of a market equilibrium for economies with only ordinary commodities to our present case: An equilibrium in the economy E is an array
(x, ξ, p), where (x, ξ) is a feasible allocation, and p ∈ Rl+ is a price system for commodities, such that consumers maximize utility and producers maximize proﬁts. For
the consumers i = 1, . . . , m, this means that ξi maximizes ui on
{ξi | ∃(xi , ξi ) ∈ Ti , p · xi ≤ p · xi },
so that consumers maximize utility under the constraints given by income and household technology: If there is some commodity bundle which inserted into the household technology would yield a better characteristics bundle than the equilibrium
commodity bundle, then this commodity bundle is too expensive at the equilibrium
prices.
Since we are interested in individual marginal utilities of characteristics, it will
be convenient have these these marginal utilities or individual shadow prices appear
explicitly. Formally, we may deﬁne a market equilibrium with characteristics prices
(shorthand: an equilibrium) as an array (x, ξ, p, q), where (x, ξ) is a feasible allocation, p a price system on commodities, and q = (qi )m
i=1 a family of (individual) price
L
vectors qi ∈ R+ on characteristics, such that
(i) for each consumer i, ξi maximizes ui on
{ξi | ∃(xi , ξi ) ∈ Ti , qi · ξi ≤ p · xi + (qi · ξi − p · xi )},
(ii)

m
i=1

xi maximizes p · y on Y .

In the market equilibrium with characteristics prices the consumer may (at least
formally) buy both commodities and characteristics at the given prices, and in optimum the best bundles in the consumption set are chosen. Note that due to the
feasibility constraint, no actual transfers of characteristics take place; the characteristics prices are only used as constraints to the individual optimization of the
consumer.
Theorem 1 Let E be an economy satisfying Assumption 1. If (x, ξ, p, q) is a market
equilibrium with charcteristics prices, then the allocation (xi , ξi ) is Pareto optimal.
Conversely, let (x, ξ) be a Pareto optimal allocation in E, where ξi ∈ RL++ for all i.
Then there is price system p on commodities and a system of individual characteristics prices q = (qi )m
i=1 such that (x, ξ, p, q) is a market equilibrium with characteristics
prices.
7

The proof of Theorem 1, which uses the standard method of embedding the
given economy in an ordinary economy with a larger commodity space, is given in
the appendix.
The result of Theorem 1 provides the basis for using characteristics or shadow
prices in welfare considerations since changes in overall welfare may be evaluated by
computing the aggregate value of the characteristics consumption. Following up on
the discussion in Section 2, it can be noticed, however, that such a welfare measure
would use individual shadow prices, which might very well be diﬀerent for diﬀerent
individuals and the basic problem is therefore to ﬁnd conditions on the economy
making the characteristics prices qij , i = 1, . . . , m, of any characteristic j, identical.

4

Equality of individual characteristics prices:
Some examples

In the present section, we demonstrate by examples that equality of characteristics
prices does not prevail in general, even in simple two person economies. The examples will, however, help to focus on the exact conditions under which equality indeed
occurs.
In the ﬁrst example, consumers have identical household technologies but diﬀer
in preferences.
Example 1. Suppose that the economy E has two consumers and one (marketed)
commodity x, (i.e. l = 1). Consumers transform arbitrary amounts of this commodity into bundles of two diﬀerent characteristics (ξ1 , ξ2 ) (i.e. L = 2) using a
common household technology T . The household technology is assumed to be given
by (x, (ξ1 , ξ2 )) ∈ T if
(ξ12 + ξ22 )1/2 ≤ x.
Thus, the characteristics are made under conditions of joint production and constant
returns to scale.Consumers have the utility functions
4
u1 (ξ11 , ξ12 ) = ξ11 ξ12
4
u2 (ξ21 , ξ22 ) = ξ21
ξ22 .

Finally, there is an initial endowment of 1 unit of the commodity but no commodity
production, i.e. Y = {y ∈ R | y ≤ 1}.
We obtain all Pareto optimal allocations (x, ξ) by dividing the initial endowment
between consumers and letting them produce characteristics from this endowment
such as to maximize their utility. Thus, let x1 ∈ [0, 1]; then (ξ11 , ξ12 ) and (ξ21 , ξ22 )
satisfy
2
2
2
2
ξ11
+ ξ12
= x21 , ξ21
+ ξ22
= (1 − x1 )2 .
Adding the individual maximization conditions, we get that


(ξ11 , ξ12 ) =



x 2x
√1 , √ 1 ,
5
5



(ξ21 , ξ22 ) =
8



2(1 − x1 ) 1 − x1
√
.
, √
5
5

Therefore the marginal rate of substitution between characteristics for consumer
1 is given by
∂u1 ∂u1
1 ξ12
1
/
=
= ,
MRS1 =
∂ξ1 ∂ξ2
4 ξ11
2
and similarly, the marginal rate of substitution for consumer 2 is MRS2 = 2. As such,
the marginal rates of substition are independent of the parameter x1 . Moreover,
MRS1 and MRS2 remain the same in all the Pareto optimal allocations (except for
x1 = 0 or x1 = 1, where any individual price vector is a support for the preferred
set of the individual getting nothing). We conclude that the marginal rates of
substitutions diﬀer for all Pareto optimal allocations.
Indeed, it easy to obtain more general results stating that if all consumers behave
according to standard assumptions (i.e. they all have the same household technology
with constant returns to scale as well as homothetic preferences which are suﬃciently
diﬀerent) then there are no equlibria with identical characteristics prices. In fact,
as the following example will show, even with identical household technology and
identical preferences we will not automatically obtain identical characteristics prices
if the assumption of constant returns to scale is abandoned.
Example 2: Suppose that the common household technology T is such that (x, ξ) ∈
T if
(tξ12 + ξ22 )1/2 ≤ t, t ≤ x,
and that both consumers have the utility function u with
u(ξ1 , ξ2 ) = ξ1 ξ2 .
As before, we ﬁnd all Pareto optimal allocations by choosing x1 ∈ [0, 1] and maximizing u under each of the constraints
2
2
2
2
x1 ξ11
+ ξ12
= x21 , (1 − x1 )ξ21
+ ξ22
= (1 − x1 )2 .

This yields characteristics bundles


(ξ11 , ξ12 ) =







x1 x1
(1 − x1 ) 1 − x1 
.
, √ , (ξ21 , ξ22 ) = 
, √
2
2
2
2

Once more we have inequality of marginal rates of substitution,
which with the
√
√
particular utility function are MRS1 = x1 and MRS2 = 1 − x1 , respectively,
diﬀering except in the case x1 = (1 − x1 ) where the identical consumers are treated
equally.
Having shown above that equality of individual characteristics prices will fail
in many situations, we shall subsequently concentrate on ﬁnding conditions under
which equality does actually obtain. Basically, there are four cases;
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(1) All consumers have diﬀerent household technologies and diﬀerent utility functions. In this case equality of marginal rates of substitution for characteristics
would obtain only exceptionally.
(2) All consumers have identical household technologies and identical utility functions. This means that there is essentially only one consumer, so the problem
of equality becomes trivial. It may be remarked, however, that even here the
situation is not entirely trivial as shown by Example 2, where inequality of individual characteristics prices may occur even if both household technologies
and preferences are identical across individuals due to non-constant returns to
scale in technology.
(3) All consumers have a common household technology but arbitrary individual
utility functions. This case will be considered in Section 5
(4) All consumers have a common utility function but arbitrary individual household technologies. This case is treated in Section 6.

5

Equality of individual characteristics prices:The
case of a common household technology

In this section, we consider the case where every individual has access to the same
technology for transforming commodities into characteristics. Dealing with healthrelated characteristics, this means that the household technology contains all procedures by which services and goods available in the market can be used to improve
individual health in one or several of its aspects. Needless to say that this is a
somewhat restrictive assumption, since some methods of obtaining health, both by
treatment and by the way of conducting your life, may not be known, or indeed possible, for everybody. Therefore, we shall also examine the general case of diﬀering
household technologies in the next section.
As it appeared in the previous section, diﬀerent individual characteristics prices
may be caused by a transformation curve in characteristics space where the slope
depends on the chosen output bundle. In this case, assigning suitable preferences
over characteristics to individuals, it is always possible ﬁnd market equilibria for
which one individual has a marginal valuation of some characteristic which diﬀers
from that of some other individual. If the transformation curve is a straight line,
however, this cannot occur. Indeed, in optimum the slope of a linear transformation
curve will deﬁne characteristics prices which are obviously the same for all. In the
following we shall hence consider a general form of such a linear-transformationcurve condition.

A household technology T ⊂ Rl+ × RL+ is said to be separable if T = Lj=1 T j
with
T j ⊂ Rl+ × {ξ ∈ RL+ | ξk = 0, k = j}
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for j = 1, . . . , L. In other words, a technology is separable if each of the characteristics are produced in a separate technology; producing a characteristics bundle
ξ = (ξ1 , . . . , ξL ) means that ξ1 is produced in the technology T 1 having the ﬁrst
characteristic as output, ξ2 similarly in the speciﬁc technology T 2 for producing
characteristics number 2, etc. In such a technology, what can be produced with a
given input of commodities is obviously the convex hull of each of the productions
obtainable by putting everything into the technology T j producing the jth characteristic, for j = 1, . . . , L. This clearly means that transformation surfaces are
hyperplanes in RL+ , thus generalizing the condition to be inferred from the simple
cases in Section 4.
Intuitively, separability if the household technology means that what the individual does in order to produce some characteristic j has no side-eﬀects or spin-oﬀs
on the production of any other characteristic. Thinking of characteristics as representing enjoyment of health in its various forms, this is not a particularly attractive
property – many activities which enhance one kind of health will typically be beneﬁcient also for other aspects of the individual’s health, and on the contrary some
eﬀorts to promote a particular form of health may have detrimental eﬀects on other
aspects of health. It seems rather unlikely that health characteristics, chosen in such
a way as to be intuitively meaningful and observable, should be mutually independent in the sense that you can have one aspect of health with no repercussions on
other aspects.
However, relevant or not, it is a fact that the separability assumption is quite
crucial if characteristics prices are to be identical in equilibrium, as demonstrated
by the following result.
Theorem 2 Let T ⊂ Rl+ ×RL+ be a household technology satisfying constant returns
to scale, and let ET be the class of economies satisfying Assumption 1 such that
all consumers have the household technology T . Then the following conditions are
equivalent:
(i) for all economies E ∈ ET , all equilibria (x, ξ, p, q) of E with ξi = 0 for all i
satisfy q1 = · · · = qm ,
(ii) the household technology T is separable.
The proof of Theorem 2 is given in the appendix. The result states that if we
are to reckon with equality of individual characteristics prices in the sense that it
is not achieved due to some coincidence of individual preferences, then the method
of producing characteristics from commodities (i.e. the household technology) must
satisfy separability. If not, there will be some constellation of individual utility
functions such that individuals value small changes in health of a particular aspect
diﬀerently, measured either in terms of other aspects of health or in monetary terms.
If this occurs, then the weight of this aspect of health is ambiguous, and there is no
simple answer to the question of how to set the weight of this particular aspect of
health in a cost-eﬀectiveness analysis (as discussed in Section 2).
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6

Equality of individual characteristics prices:The
case of common utility functions

We now turn to the case where individuals no longer have access to the same household technology. In our interpretation, this means that the same treatement may
eﬀect people diﬀerently, or that there may be medical treatments which are not
open to all individuals, either because they are not admitted, or simply because they
are not aware of their existence. As such, the assumption of individual household
technologies may seem more natural than the assumption of a common household
technology, as in the previous section.
As mentioned earlier, if both household technologies and utility functions diﬀer,
then equality of individual characteristics prices would obtain only as an exceptional
case. Therefore, we examine the situation where all individuals have the same utility
function.
Intuitively, identical preferences imply consensus among all individuals on the
general way of assessing alternative characteristics bundles. On the other hand,
due the diﬀerence in household technology, consumers will typically end up with
diﬀerent characteristics bundles and this, in turn, will typically give rise to diﬀerent
marginal rates of substitution even though the underlying utility function is the
same. As such, the interpretation follows the standard case of inequality in access
to health – if some individuals cannot use the health improving methods that are
available to others, the result will be an inferior state of health in certain respects.
As a consequence, the marginal utility of an improvement in the relevant aspects of
health would typically be greater for those people than for the rest of the population.
The case where such diﬀerences do not occur, making aggregation possible in
a meaningful way, almost suggests itself; this is the case where marginal rates of
substitution are independent of the bundle chosen, so that indiﬀerence surfaces are
hyperplanes. As it can be seen from the statement of the result, it may be considered
as a dual of Theorem 2, since the separability condition on preferences takes the place
of the previous separability condition for household technologies. It is assumed that
preferences are homothetic and thereby can be described by a utility function that is
homogeneous (of degree one); in this way we exclude the possibility that diﬀerences
in marginal rates of substitution might arise only due to diﬀerences in wealth.
Theorem 3 Let u be a given homogeneous utility function on characteristics, let T
be the set of all household technologies which satisfy constant returns to scale, and
let Eu be the set of all economies satisfying Assumption 1 such that each individual
i has utility function u and has household technology Ti ∈ T . Then the following
are equivalent:
(i) for all economies E ∈ Eu , all equilibria (x, ξ, p, q) of E with ξi = 0 for all i
satisfy q1 = · · · = qm ,
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(ii) the common utility function is separable, that is there are functions uj : R+ →
R, j = 1, . . . , L, such that
u(ξ1 , . . . , ξL ) =

L


uj (ξj )

j=1

for all characteristics bundles (ξ1 , . . . , ξL ).
The proof of Theorem 3 is given in the appendix. The result shows that if
we are to expect that individual characteristics prices will be identical, then the
utility function must be (additively) separable. The intuition behind this result is
as follows: Even though people evaluate health proﬁles in the same way, they may
come up with very diﬀerent bundles due to their diﬀering access to health; when
bundles diﬀer, it might well happen that the marginal rates of substitutions (the
slopes of the indiﬀerence curves in the two-dimensional case) are diﬀerent, and that
would give us a contradiction. Therefore, the indiﬀerence curves must have the same
slope everywhere, which means that utility functions must be separable.
Separability, in its turn, implies preference independence of the various health
characteristics in the sense that if a given combination of some characteristics is
preferred to another combination of the same characteristics, given identical assignment in the remaining characteristics, then it will be preferred no matter what
this assignment in the remaining characteristics looks like. Separability is usually
considered a very strong assumption on preferences.
Separability or independence assumptions on individual preferences is usually
assumed when methods for assigning values to health status indices are proposed.
For instance, Sintonen (1981) determines linear weights assigned to each of the 11
basic aspects of health, and the ﬁnal index is then found as the weighted average.
Also in QALY measurement, separability enters as an essential assumption; the
time tradeoﬀ methodology assumes (multiplicative) separability in life expectation
and quality-of-life, and the standard gamble relies on von Neumann-Morgenstern
utility representation of lotteries over life and death, thereby implicitly assuming
preference independence (cf. Dolan, 2000). Thus, the authors concerned with ﬁnding
a logical basis for health status measurements have typically relied on separability
or independence assumptions; what is added by our result is that this assumption
is indeed necessary.

7

Final remarks

Thoughout this paper, we have been concerned with welfare economic foundations
of health status measures. As argued in Section 2, if health status measures shall
be meaningful from a welfare economic point of view then the marginal rate of
substitution between any two aspects of health must be the same for all individuals.
Since a similar property holds due to the eﬀects of the market for commodities, it
13

might very well be the case that the market, although indirectly, could produce this
equality also for (health) characteristics.
It turned out that although we cannot hope for such results holding in broad
generality, they do hold under separability assumptions on either the technology for
transforming goods into health characteristics or on the utility functions deﬁned on
such characteristics. These separability conditions are usually considered as restrictive; separability in technology means that each health characteristic is produced in
a way which is independent of the quantity produced of all the other characteristics, and separability of utility functions means that marginal rates of substitution
between any two characteristics are independent of the level of all the remaining
characteristics. Although these assumptions are restrictive, some of the very succesful ﬁelds of applied economics (such as the Heckscher-Ohlin model of internation
trade with the celebrated factor price equalization theorem) relies on exactly the
same kind of assumptions. Thus, theorem 2 and 3 may be considered as a welfare
theoretical basis for current measurement of health status by indices such as the
QALY.
If simple methods of aggregation fail, there is of course a need for other methods
which do not use ad hoc aggregation, and the use of health status indices may indeed
be justiﬁed by the fact that so far they are the best avaiable. But this does not
mean that evaluating medical treatments or new pharmaceutical products cannot
be performed without aggregating health characteristics into a single number to be
put in the denominator of a cost-eﬀectiveness ratio. Indeed, the approach outlined
in Section 2 shows that even the cost-eﬀectiveness ratio itself is a means of avoiding
an aggregation (namely of characteristics related to health and commodities), and in
this perspective, it should not be beyond reach to avoid also some of the aggregations
which are inherent in the approach to outcome measurement using health status
indices. This, however, is beyond the scope of the present paper.
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Appendix: Proofs of theorems

Proof of Theorem 1: The proof that the allocation (x, ξ) associated with an equilibrium (x, ξ, p, q) is Pareto optimal (that is Main Theorem 1 of economic welfare
theory holds) is standard, and we leave it to the reader. For the converse, assume
that (x, ξ) is Pareto optimal.
For each consumer i, deﬁne the set
Pi0 = {ξi ∈ RL+ | ui (ξi ) ≥ ui (ξi )};
Pi is closed and convex since ui is continuous and quasi-concave; we embed Pi in
Rl+mL putting 0 in all places except in the ith of the m segments of L coordinates.
Denote the resulting set by P̃i .
For each i, let T̃i be the set Ti embedded in Rl+mL by putting 0 in all coordinates
except the ﬁrst l, where the sign is reversed, and the ith segment of L coordinates.
Again, T̃i is closed and convex. Finally, the closed and convex set Y ⊂ Rl is
embedded in Rl+mL as Ỹ by adding 0s in all but the ﬁrst l coordinates.
Now consider the set
m
n
Z=



P̃i −

i=1



T̃i − Ỹ ;

i=1

We have that Z is closed and convex, and that it contains the zero vector, which
has the representation
n
n


ξ˜i −
(xi , ξi ) − ỹ
0=
i=1

i=1

for some y ∈ Y (here ã denotes the image of a by the ˜ -mapping). We claim that
Z ∩ Neg = ∅, where Neg is the cone of negative vectors in Rl+mL . Suppose to the
contrary that u ∈ Z ∩ Neg, so that
u=

n

i=1

ξ˜i −

n


(xi , ξi ) − ỹ 

i=1

for some y  ∈ Y ; but this means that the allocation (x , ξ  ) is at least as good as
(xi , ξi ) and that there is a feasible allocation (xi , ξi ) with xi > xi for all i. By the
monotonicity properties of Ti and ui , i = 1, . . . , m, there is then a feasible allocation
(xi , ξi ) with ui (ξi ) ≥ ui (ξi ), contradicting Pareto optimality.
Now, by separation of the convex sets Z and Neg, there exists a non-negative
l+mL
vector (p, q) = (p, (qi )m
such that the scalar product (p, q) · z for z ∈ Z
i=1 ) ∈ R
is minimized at z = 0. But this means that (a) y maximizes p · y on Y , which is
condition (ii) of market equilibrium with characteristics prices; furthermore it means
that (b) ξi minimizes qi · ξi on Pi , which, by the interiority condition, implies that
q · ξi > q · ξi for all ξi with ui (ξi ) > u(ξi ), and that (c) (xi , ξi ) maximizes qi · ξi − p · xi
on Ti .
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To check equilibrium condition (i), let i ∈ {1, . . . , m} and assume now that ξi
satisﬁes the inequality
[qi · ξi − p · xi ].
qi · ξi ≤ p · xi + max
 
(xi ,ξi )∈Ti

Then from (c) we get that qi · ξi ≤ p · xi + [qi · ξi − p · xi ] = qi · ξi , and (b) implies
that ui (ξi ) ≥ ui (ξi ), which is (i).
✷
Proof of Theorem 2: (ii) ⇒ (i): Let E ∈ ET , and let (x, ξ, p, q) be an equilibrium.
Then by the condition (i) of an equilibrium, for each i the characteristics bundle ξi
is maximal for ui on the set of all
[qi · ξi − p · xi ]} = {ξi | qi · ξi ≤ qi · ξi };
{ξi | qi · ξi ≤ p · xi + max
 
(xi ,ξi )∈Ti

clearly, this set contains
Ti (p) = {ξi | ∃xi : p · xi ≤ p · xi , (xi , ξi ) ∈ Ti },
and ξi belongs to the boundary of Ti (p). Now, by constant returns to scale of T , we
have that Ti (p) = λi T (p), where λi = p · xi , and using (ii) we get that
T (p) = λ−1 {ξi | qi · ξi ≤ qi · ξi }.
Since the left hand side is independent of i, so is the right hand side, and we conclude
that q1 = · · · = qm .
(i) ⇒ (ii): Let C = {c1 , . . . , ci , . . .} ⊂ RL++ be a countable dense subset of
L
R+ , and let p̂ ∈ Rl++ be arbitrary. For each natural number m, we deﬁne an
economy Em ∈ ET with m consumers i = 0, 1, . . . , m − 1 as follows: Consumer


0 has preferences such that ui (ξ  ) ≥ ui (ξ) if and only if Lj=1 ξj ≥ Lj=1 ξj . For
i = 1, . . . , m − 1, let the utility function of consumer i be given by
ξj
.
j=1,...,L cij

ui (ξ) = min

The aggregate availability set Y ⊂ Rl is deﬁned by
Y = {y ∈ Rl | p · y ≤ 0, y1 ≤ 1},
(so that commodity 1 is available in the magnitude 1 and can be used as input,
whereas the other commodities can only be obtained as output).
Let (x, ξ, p, q) be an extended equilibrium in Em . By assumption, q0 = · · · =

qm−1 = q̄. We claim that m−1
i=0 ξi > 0. Suppose not, then there is j ∈ {1, . . . , L}
such that ξij = 0 for all i and consequently ui (ξi ) = 0 for i ≥ 1. If ξi = 0, then also
xi = 0 (here we use relevance, cf. Assumption 1(ii)), and then by monotonicity of
T (also in Assumption 1(ii)) there is ξi with ui (ξi ) > ui (ξ0 ) with (x0 + xi , ξ0 ) ∈ T ,
contradicting the Pareto optimality of (x, ξ) (if consumer i gets utility 0 anyway
17

then her commodities could just as well be given to consumer 0, who would become
better oﬀ). This proves our claim.

By Assumption 1(ii) (relevance), we now conclude that m
i=1 xi > 0, and it
follows from equilibrium condition (ii’) that p = p̂. Arguing as above, we have that
ξi maximizes q̄ · ξ on
{ξ | ∃x : p̂ · x ≤ p̂ · xi , (x, ξ) ∈ Ti },
and by constant returns to scale, we have that λ−1
i ξi maximizes q̄ · ξ on T (p̂), where
−1
λi = p̂ · xi for each i. We conclude that conv({λi ξi | i = 1, . . . , m − 1}) belongs to
the intersection of bd T (p̂) with a hyperplane {ξ | q̄ · ξ = M }, where M = λ−1
i q̄ · ξi
is independent of i.
Next, we notice that q̄j > 0 for all h since otherwise consumer 0 would not satisfy
the individual optimality constraint (i’) at ξ0 . But this means that for i ≥ 1,
λ−1
i ξi =

M
ci ,
q̄ · ci

so that for m large enough, the set conv({λ−1
i ξi | i = 1, . . . , m − 1}) gets as close as
desired to {ξ ∈ RL+ | q̄ · ξ = M }. But then
T (p̂) = {ξ ∈ RL+ | q̄ ≤ M },
and since p̂ was arbitrary, we have shown that for all p ∈ Rl++ , the set T (p) is the
intersection with RL+ of a half-space in RL . The rest of the proof consists in showing
that this latter property implies that T is separable.
For j = 1, . . . , L, deﬁne T j by
T j = T ∩ {(x, ξ) ∈ Rl+ × RL+ | ξk = 0, k = j}.


Then T j is a convex cone contained in T , each j, and Lj=1 T j ⊂ T .

Assume that (x, ξ) ∈ T but (x, ξ) ∈
/ Lj=1 T j . Then for every array (x1 , . . . , xL ) ∈
(Rl )L such that (xj , ej ) ∈ T j for each j (where ej is the jth unit vector in RL ), we

have that x = Lj=1 ξj xj . The set
C=


L



ξj xj | (xj , ej ) ∈ T j , j = 1, . . . , L

j=1





is closed and convex (by convexity of each of the sets T j ), and
{x ∈ Rl | x ≤ x} ∩ C = ∅
(by the free disposal property of household technologies), so by separation of convex
sets, there is p ∈ Rl++ with
p · x = 1,
p · x > 1 for x ∈ C.
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However, by the assumptions of the Theorem, we know that there are (x̂j , ξˆj ) ∈
T with p · x̂j = 1, j = 1, . . . , L, such that
j

ξ=

L


λj ξˆj

j=1


for some λ1 , . . . , λL ≥ 0 with Lj=1 λj = 1. Clearly, for each j we have that λj ξˆjj = ξj ,
meaning that (λj x̂j , ξj ej ) ∈ Ti , and
L


λj x̂j ∈ C.

j=1

However, since p · x̂j = 1 for each j, we get that


p·

L

j=1



λj x̂

j

=

L


λj (p · x̂j ) = 1,

j=1

contradicting that p · x > 1 for each x ∈ C.

✷

Proof of Theorem 3: The proof of the implication (ii) ⇒ (i) follows the same line
of reasoning as in Theorem 2 and is left to the reader.
(i) ⇒ (ii): Consider the convex set C(u) = {ξ | u(ξ) ≥ 1}; we say that π ∈ RL+
is a support of C(u) if π · ξ  ≥ π · ξ for all ξ  ∈ C(u).
Let {c1 , c2 , . . .} be a countable set of points in RL++ which are dense {c ∈ RL+ |
c1 + · · · + cL = 1}. For each natural number m, consider the economy Em with m
consumers, where each consumer i has utility function u and household technology
Ti = {(xi , ξi ) | ξi ≤ xi ci },
i = 1, . . . , m, and where Y = {x | x ≤ (1, . . . , 1)}.
For each m, let (x, ξ, p, q) be a market equilibrium of Em which by assumption
satisﬁes q1 = · · · = qm = q 0 . Then u(ξi ) = u(xi ci ) for each i, and without loss of
generality we may assume that ξi = xi ci , each i. From this it follows that C(u)
has the same support q 0 at all points where rays given by ci intersect C(u). As m
tends to inﬁnity, we conclude that C(u) is the intersection of RL+ with a halfspace,
so that u is indeed aﬃne.
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